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Abstract: Pseudo-BL algebras[2, 5] are
non-commutative generalizations of BL-
algebras, algebraic structures for Basic
Logic, the fuzzy logic introduced by Héjek
(7]. In this paper we study some algebraic
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in [1] to distributive lattices.
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1 Introduction

BL-algebras are the algebraic structures for
Héjek’s Basic Logic [7]. The main exam-
ple of a Bl-algebra is the interval [0, 1] en-
dowed with the structure induced by a t-
norm. MV-algebras, the Godel algebras and
product algebras are the most known classes
of BL-algebras. Recent investigations have
been concerned with non-commutative gen-
eralizations for these structures.

In [2, 5], pseudo-BL algebras were defined
as non-commutative generalizations of BL-
algebras. In [4]. there was introduced a no-
tion of pseudo-t-norm, in order to recap-
ture some of the properties of pseudo-BL
algebras. For the interval [0, 1}, this notion
induces more general algebras named weak

pseudo-BL algebras.

Davey [1] studied the interrelation between
minimal prime ideals conditions and annihi-
lators conditions on distributive lattices.

In this paper we extend some of Davey’s re-
sults to pseudo-BL algebras. The same re-
sults hold in BL-algebras too, since they are
a particular case.

2 Definitions and First
Properties

A pseudo-BL algebra ([2, 5]) is an algebra
A= (AN V,0,~,—,0,1)with five binary
operations A, V, ), ~,— and two constants
0,1 such that:

(A1) (A,A,Vv,0,1) is a bounded lattice;

(A2) (A.©,1) is a monoid:

(A amb<ciffa<b~rciffb<a— ¢
(Ad)ahb=(a~b)Oa=a® (e — b):
(A5) (a~ D)V (b~ a) = 1;

(a—=b)v(b—a)=1.

In the sequel, we shall agree that the opera-
tions A, V. ® have priority to the operations
~, —. Sometimes, for the sake of clearness,
we shall put parantheses even if superflu-
ous.

It is proved in [2] that commutative pseu-
do-BL algebras are BL-algebras. I'or details
on BL-algebras see [7, 8].

A pseudo-BL algebra A is non-trivial iff
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0 # 1. For any pseudo-BL algebra A, the
reduct L(A4) = (A,A,Vv,0,1) is a bounded
distributive lattice. A pseudo-BL chainis a
linear pseudo-BL algebra, i.e. a pseudo-BL
algebra such that its lattice order is total.
For any a € A, we define a™ = a ~ 0 and
a” = a — 0. We shall write a® instead of
(a™)™ and a~ instead of (a™)~.

The set of natural numbers is denoted by
w. We define ¢® = 1 and a" = a" 1@ e
for n € w — {0}. The order of a € A,
in' symbols ord(a), is the smallest n € w
such that @™ = 0. If no such n exists, then
ord(a) = oo.

The following properties hold in any pseu-
do-BL algebra A and will be used in the
sequel. See [2] for details.

(1) a®b <ab;

(2) a<bimpliessa@e<bOcand ca <
¢ ®b;

(3) a@b<anb;
(4Y(avb)O(aVe)<aV(b®c)

Let A be a pseudo-BL algebra. According
to [2], a filter of A is a non-empty subset F
of A such that for all a,b € A,

(i)ife,be F,thena®be F;

(iiyifa € F and a < b, then b€ F.

By (3), it is obvious that any filter of A is
also a filter of the lattice L(A).

A filter F of A is properif F¥# A. A proper
filter P of A is prime if for all a,b € A,
aVbe P impliesa e Porbe P. Spec(A)
will denote the set of prime filters of the
pseudo-BL algebra A.

A proper filter U of A is an wltrafilter (or a
mazimal filter) if no other proper filter con-
tains it. We shall denote by M{A) the in-
tersection of all ultrafilters of A. Obviously,
M(A) is a proper filter of A.

Some properties of filters, to be used in the
sequel, are reminded.

Proposition 2.1 ([2], Theorem 3.25)

Let F be a filter of the pseudo-BL algebra
A and let S be a V-closed subset of A (i.e. if
a.b € 5, then avb € §)such that FNS = 0.
Then there exists a prime filter P of A such
that FC Pand PN S =0.

Proposition 2.2 Any proper filter of A
can be extended to a prime filter.

Proof: By [2], Corollary 3.26. O

Proposition 2.3 ([2], Corollary 3.32)
Any ultrafilter of A is a prime filter of A.

Proposition 2.4 ([2], Remark 3.33)
Any proper filter of A can be extended to
an ultrafilter.

Let X C A. The filter of A generated by X
will be denoted by < X > . Given < () »>=
{Itand < X >={e€A|21G0 -0z, <a
for some n € w— {0} and some z1,---,2, €
X}if@#X.CA Foranya € A, < a >
denotes the principal filter of A generated
by {a}. It follows that < a >= {b € A |
a™ < b for some n € w— {0}}.

Proposition 2.5 ([2], Lemma 3.11 )
For any a,b € A,
<(1_Vb>:<(l>ﬂ<b>.

Let us denote by F(.A) the set of all filters
of A. Then

Proposition 2.6 ([2], Proposition 3.8)

(F(A),C) is a complete lattice. For every
family {F;}ier of filters of A, we have that
Nier Fi = MierF; and Vg B =< Uier F; >

3 Co-annihilators and
Co-annihilator
Filters

Let A be a pseudo-BL algebra, F' be a filter
of A and ¢« € A. The co-annihilator of a
relative to F' is the set (F.a) = {z € A |
zVa € F}. Toindicate the relevant pseudo-
BL algebra, sometimes (F,a) is written as
(F,a)s. The co-annihilator (< b >.a) is
abbreviated to (b, a).

Proposition 3.1 Let F' be a filter of A and
a € A. Then (F,a) is a filter of A.
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Proof: Given aV 1 = 1 € F, hence | €
(Foa). f 2 € y and € (F,a), then z V
a€ FandaeVvVa<yVa,soyVae b,
that is y € (F.a). Suppose now that z,y €
(F,a), ie e Va,yVvae F. It follows that
(xVa)®(yVa) € F. But, by (4), it follows
that{LVa ®(yVa) g(:vpy)\/a. Hence,
(xOy)Vae F,sozVy€ (F,a). O

Proposition 3.2 Let F,G be filters of A
and a,b € A. Then

{1 Gl Pl

(i1) @ < b implies (F,a) C (F,

(iii) F' C & implies (F,a) C ((; (L)

(iv) (Foa)=Aiff a € F;

(v) (F,aAb) = (F,a) N (F,b);

(vi) (FNGLa) = (F.a)N (G, a);

(vii) (b,a) = (b,and) = (a\/b,a) = (b,a®b).

Proof: (i)Let z € F. Thenava >z € I,
hence  V a € F. That is, € (F,a).
(ii) Let * € (#,a). Then 2 va € F and
e Va < aVh, since a < b. It follows that
xVbe F, that is z € (F,b).
(ii) Let z € (F,a). Then 2Va € F C G,
hence z € (G, a).
(iv) If (F,a) = A, then 0 € (F,e), hence
a=aV0eF. Conversely, if « € F, then
forany z € 4,a < aVa,sozVac F. That
is, for anv . € A, 2 € (F,a).
(v) Since a A b < a,b, by (ii), it follows that
(F,aAnb) C (F,a)N (F,b). Conversely, let
€ (F,a)N(F,b),ie. zva€ FandaVvbe
F'. Since F'is also a filter of the distributive
lattice L(A), it results that 2 V (¢ A b) =
(zva)A(zVvb)€ F. Thatis, z € (F,anbd).
(vi) Applying (iii) and the fact that FNG C
F.G, it follows that (F'NGL,a) C (Fya)N
(G, a). The converse inclusion is obvious.
(vii) Since ¢ © b < a Ab < a, by (ii), it
comes that (b,a ® b) C (ba A b) C (b,a).
We shall prove now that (b,a) C (b,a ® b).
Let 2 € (b,a), so Ve €< b >. Then,
there is n € w — {0} such that b* < z V a.
Twice applying (2) and (4), it follows that
prtl < (zva)Ob < (zVa)®(zVh) <
xV (a®b). Hence, 2V (e®b) €< b >,
that is # € (b,a @ b). Thus, we have proved
that (b,a) = (b,aAb) = (b,a®b). Applying

Proposition 2.5, (v) and (iv), it comes that
(avVba)=(<aVb>,a)=(<a>N<b>
,a)=(<a>,a)nN(<b>a)=AN(ba)=
(b,a). O

If X is a non-empty subset of A, then
lX={acA|zva=1foranyz € X}

is a filter of A called the co-annihilator filter
of X (see [2]). It is easy to see that for any
acA ta=({l1},a)={zxcA|zVva=1}.

Proposition 3.3 ([2], Proposition 3.37)
Let @ # X,Y C A. Then,

(i)If X CY, then Y C +X;

(i) X €+ X,

(di1) X = b

(iv) X =L 2 X &=

(9] 2 X ik = {1k

Now, let us recall some facts from the lattice
theory (see [6]). Let (L,V,A,0) be a lattice
with 0. An element «* € L is a pseudocom-
plementofa € Liff ana® =0and anz =0
implies that @ < a*. The lattice L is called
pseudocomplemented iff every element has a
pseudocomplement.

Proposition 3.4 Let A be a pseudo-BL
algebra. Then the lattice F(A) is pseudo-
complemented. For any filter F', its pseudo-
complement is ~ .

Proof: By Proposition 3.3(v), we have
that £ N+ F = {1}. Let G be a filter of
A such that FnG = {1}. We shall prove
that G C *F. Let a € G. For any z € F,
we have that z Va € FNG = {1}, since
rVa>z € FandaVaze >ac . Hence,
zVa=1forany z € F,soa € LF. It fol-
lows that L} is the pseudocomplement of
F. O

Let Co — An(A) = {*X | X C A} be the
set of co-annihilator filters of A. Apply-
ing Proposition 3.3(iv), we get that Co —
An(A) {*F | F € F(A)}. Hence,
Co— An(A) is the set of pseudocomplements
of the pseudocomplemented lattice F{A).
Applying known results from the lattice the-
ory, the following proposition follows.
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Proposition 3.5 Let a be a pseudo-BL al-
gebra and F, G filters of A. Then
(i*1=4A st ta = {1}
(ii) {1}, A € Co— An(A);
(iii) F € Co— An(A) iff L+ F = F;
(iv) if ;G € Co— An(A), then FFNG €
Co— An(A);
(v)if F,G € Co— An(A), then

v Vo—An(A) G = J_(_LFH J-G);
(Vi) (Co—An(Aj, M, Voo—An(A4) el {1}, A)is
a Boolean algebra;
(vii) LL(FNG) = L Fntic,

Proof: See [6], Theorem 6.4, p. 58 and
Theorem 15.1, p. 166 O

Proposition 3.6 Let a,b € A. Then

(i) @ < b implies ta C +b and ++b C ta;
(ii)t*te = {r € Alavy=1lforanyy €
A such that y Va=1};

(iii) « € +1a;

(i) +hafl ~HhemetHa Y b

Proof: (i) @ < b implies < b >C< a >.
Hence, applying Proposition 3.3(v), (ii), we
have: that “mg 2= + & @ BE + < U 5= b,
Applying again Proposition 3.3(ii), we get
i@ by,

(ii) By definition.

(iii) It follows from (ii).

(iv) Applying Proposition 3.3(iv), Proposi-
tion 3.5(vii) and Proposition 2.5 we get that
Llgntip =1L ca>ntt <b>=11(<
a>N<b>) =+ <avbh>=1(avh).
]

4 Minimal Prime Fil-
ters Belonging to A
Filter F

A prime filter M which is minimal in the
poset of prime filters containing a filter F'is
called a minimal prime filter belonging to F'.
A minimal prime filter belonging to {1} is
simply called a minimal prime filter. Hence,
a minimal prime filter of A is a minimal el-
ement of the poset (Spec(A), C).

In the sequel, we shall present some results
concerning minimal prime filters belonging
to a filter. All these propositions are in-
spired by [1].

Proposition 4.1 If 5 is V-closed and F'is
a proper filter of A, then there is a minimal
prime filter M belonging to F' and disjoint
from 5.

Proof: If F' is a proper filter, then the
set {P € Spec(A) | F C Pand FN S =
@} is non-empty, by Proposition 2.1. Apply
Zorn’s Lemma to get a minimal element of
this set. O

Proposition 4.2 Let F be afilter of A and
M be a prime filter including /. The fol-
lowing are equivalent:

(i) M is a minimal prime filter belonging to
.

(ii) for all @ € M, there is b ¢M such that
avbeF.

Proof: (i)=(ii) Let « € M and let § =
{avblbe A~ M} Ifavby,aVvby €8,
then (aVby)V(aVby) = aVv(byVby) € 5, since
A—M is V-closed, so by, by € A— M implies
by vV by € A— M. Hence, § is V-closed.
Let us suppose that F NS = (. Applying
Proposition 2.1, there exists a prime filter
P such that F C P and PN S = 0. Since
a=avV0and 0 ¢ A-M,it comesthata € 5,
so a ¢P. It follows that M # P. since
a € M and a gP. If there is x € P such
that z ¢M,thenz € A—M,soaVz €S.
But # < aVaand z € P, hence a vV €
P. We have got that e Vz € PN S = 0,
that is a contradiction. Hence, P C M and
P # M, which contradicts the fact that M
is a minimal prime filter belonging to F'. It
follows that # NS # (. Hence, there is
be A— M such that av b e F.

(i1)=(i) Let P be a prime filter of A such
that ' C P C M. We shall prove that
M C P too. Let a € M. Then there is
b ¢M such that avb e F C P. Since Pis a
prime filter of A, from a v b € P it follows
thata € Porbe P. But b ¢M and P C M,
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so b ¢P. We get that a € P. O
A simple induction gives the following co-
rollary for n € w — {0}.

Corollary 4.3 Let F be a filter of A and
My, - M, be n+ 1 distinct minimal prime
filters belonging to #. Then, there are
ag,---tn € A such that a; Va; € F (i # j)
and a; €M; (1 =0,---,n).

Proof: If n = 1, let 2g € M; — My and
x1 € My— M7. From the above proposition,
it follows that there is y; ¢ Mg such that
wVyy € F. Since My is prime, from 2o ¢My
and y, My, we get that zg V iy, My, Tt
follows that @y = vy V yy and a1 = 2y are
the required elements. Assume the result
is true for n = k£ and let us prove it for
n==k+1. Let Mo, - M1 be k+2 distinct
minimal prime filters belonging to F'. Let 2;
(1=0,---,k)satisfy 2;Va,; € F (i # j) and
@ G (& = G, v, k)i For any1 = 0,0 =k,
there is y; € My such that y; €M;. If we
take y = y1 A -+ A Yk, then y € My —
U%_,M;. Applying Proposition 4.2, we get
z @My, such that y vV 2z € F. It follows
that a; = a; Vy (i =0, ---k) and ag4y = 2
establish the result. O

;From now on all indexed joins and meets
range from 0 to n, where n € w ~ {0}, and
all joins of filters are taken in the lattice
F(A) of filters of A. A family of filters is
comazimal if its join is A.

Proposition 4.4 Let F be a filter of A.
Then for n € w—{0} the following are equiv-
alent:

(i) any n + 1 distinct minimal prime filters
belonging to F are comaximal;

(ii) any prime filter containing F' contains
at most n distinct minimal prime filters be-
longing to F;

(iii) if ag, - -,an € A with a; Va; € F
(i # 7), then V (F,a;) = A;

(iv) (F,V;a;) = V(F,Vjza;) holds identi-
cally in A.

Proof: (i)« (ii) Trivial.
(ii)=-(iii) Let ag,---,an € A such that a; v

aj € F (i # j)and V,(F,a;) # A. It follows
that (F.,ae;) # Aforall i =0,---,n and, by
Proposition 3.2(iv), we get that a; ¢ F for
all 7. Since V. (F,q;) is a proper filter of A,
applying Proposition 2.2 we obtain a prime
filter P of A such that \/,(F,a;) C P. For
i=0,---,m,let S;={2vy|z<a,y¢P}.
ey vy, zavys € 5, then 2y < a; 09 < a;
and y1,y2 §P. Hence x; V 2y < a; and
Y1 V y2 P, since P is prime. It follows that
(;L']Vy1)\/(.’1:2\/y2) = ({tl\f:t‘g)\/(yl\/y;;) € 5.
Hence, S; is V-closed. If F N S; # 0, then
there are @ < a; and y &/P such that
xVy e F. It follows that a; V y € F, hence
y € (F,a;). But y ¢P, so (F,a;) P, which
is a contradiction. Hence £ N .5; = for all
. Applyving Proposition 4.1, for each ¢ there
is M; a minimal prime filter belonging to [
such that M;NS; = @. Suppose that M; P,
so there is € M; such that 2 ¢ P. Then
x=xVv0 € S5;, hence 2 € M;NS; = @, that is
a contradiction. Hence M; C P for all i, so
Vi M; C P # A Since a; ¢P, we get that
a; §M; for any i. But, ¢;Va; € F C M;
(¢ # 7) and M; is prime, hence a; € M;
(1 # 7). It follows that M; # M; (i # j).
Thus, we have obtained n+1 minimal prime
filters belonging to F such that their join is
not A, that is a contradiction with (ii).

(iii)=-(iv) Applving Proposition 3.2(ii) it
follows that \,(F,V;xa;) C (F,V;a;).
Thus, it is still to prove that (I, V;a;) C
Vi(F,Vjza;). Let ¢ € (F,Vja;), ie. aV
Vja; € F. For any 1, let b; = 2 V V 4q;.
Ll b Vb=V g forall i ofet,
hence, by (iii), we get that \/,(F,0;) = A.
From z € \,(F,b), we get k € w — {0}
and y?vyg = (Fva)a »yil-l*-"'~y? €
(F.by) such that g9 0 -~ 0 yp @@ y) @
- @yp <z Letting ) = a2 vyl (i =
O,---,m, and p = 1,---,k), we have that
v < t; and t;, € (F,b;), since y; = i;) and
¥ € (£, by} Since z < t,, we have that
ty V Vigia; =1, VoV Vza; =1, Vb €F,
because t), € (F,b;). Hence, t}, € (F, V;xa;)
(¢=0,---,n,p=1,---,k). Applying (4),
we get that (1{@- - - 0170 - 0120 - -017) =

(J'V,?j?)iif‘- SO(aVyPe-- ‘G)(.z:\/yg)fz,:- v
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yp) V(00U e 00 -Op) =
z. Thus, we have got that = € \/(F, V,;xq;)
(iv) =(i) Let Mo, --- M, be n + 1 distinct
prime filters belonging to F. Then, by Cor-
rolary 4.3 there are ag,---a,, € A such that
a;Va; € F (i # j)and a; ¢M; (¢ =0,---,n).
We have that for n € w — {0},

Vi(Akgjar) = Ajer(a;Vag) is an identity in
the class of distributive lattices, hence in the
class of pseudo-BL algebras. We shall de-
note this identity by (I). Applying (I), it fol-
lows that Vj?gi(/\k#j ag)= Vj#(ai A (A (ak |
k ¢{i,5)) =

a; A (Vizi(Alax | & ¢{i,7}))) = & A (A(a; v
ak | 5 < ki §4j,k}). But A(a; Vo |
j < k,i €{j,k}) € F, hence, by Proposi-
tion 3.2(iv) we get that (F,A(a; Vax | j <
k,i g{j.k})) = A. Applying Proposition
3.2(\’), it follows that (F, Vj#:i(/\kij ﬂ‘,k)) =
(Foai A(Aa; Voax | G < ki §15,k}) =
(Foa) N (F, A6 V ay | § < kvi €43, K))) =
(F,a;) N A = (Fya;). If z € (F,a;), then
zVa; € FCM,. Since M; is a prime filter
and a; §M;, we get that x € M;. Hence,
M; O (F,a;) for all i = 0,---,n. It follows
that \/; M; D V,;(F,a;) =

VilF, Vigi Az ak)) = (F,Vj(Akg; ax)), by
(iv). But, applying (I), we obtain that
Vj(/\k?gjak) = /\j<k(aj \ ak) € F, so, by
Proposition 3.2(iv), (F,V;(Argjar)) = A.
It follows that \/; M; O A, that is \/; M; =
A, as required. O

Corollary 4.5 Let n € w — {0}. The fol-
lowing are equivalent:

(i) any n + 1 distinct minimal prime filters
are comaximal;

(ii) any prime filter contains at most n dis-
tinct minimal prime filters;

(iii) if ag,---,an € A such that ¢; Va; =1
(i # j), then V,; Lta; = 4;

(iv) *(Vv;a;) = V,;*(Vjza;) holds identi-
cally in A.

Proof: Take F' = {1} in Proposition 4.4.
O
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