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ABSTRACT

The existence of the stabilizing solution of the algebraic Riceati equation is investigated in terms of freeqoenc;
domain conditions involving an associated Popov function. Necessary and sufficient conditions arenderived
for both continuous and discrete-time cases under the weakest possible assumptions imposedicon the
coefficients.

INTRODUCTION AND NOTATION
Let's consider in the sequel a triplet of the form
2 = (ABP)ER™R="R(® +mix(a+m) with P = PTpartitioned as :

_[e L G
=l

IfR is nonsingular we associate to ), the continuous-time algebraic Riccati equatiion
(CTARE)

ATX + XA -(XB+L)RYLT+BTX) + Q =0 (1)
~ Any symmetric matrix X ER™ that satisfies (2) is called a stabilizing solutiom if
F = -R'YLT+ BTX) 3
makes A + BF exponentially stable in the sense that all its eigenvalues are in tihe lcft
open halfplane.
Similarly, we can associate with », the discrete-time algebraic Riccati erguation
(DTARE)
ATXA- X - (ATXB +L)(R + BTXB)" (LT + BTXA) + Q=0 (2)
A symmeiric matrix X making R + BTXB invertible and satisfying (2') issccalled =
stabilizing solution if )
- (R+BTXB) (LT + BTXA) 3)
makes A + BF stable in the sense that all its eigenvalues are in the open unit dissk. Notic
that in the discrete case no assumption is made on the invertibility of R.

Hcanbeeasﬁyprmdfmbothmannsanddisuctccamthmd&msmb&xm
solution exists then it is unigue.

The present paper presents the basic results of a complete theory fontthe existence
of the stabilizing solutions giving necessary and sufficient conditions in termss of associated
matrix pencils and in terms of assodated rational functions of Popow :type satisfyn
frequency domain conditions. The proofs arc omitted as they will be repsorted elsewhere.

Studics in informatics and Control Vol.1.No.1,March 1952



1 et's introduce now somic notations. The transfer function of a inear systemwillbe denoted
4 i

| A | B

AL = c(aray'B+D

| c|D

and the transfer function of a generalized (descriptor) system
P(lyz = O(u

v = R(A)z + W(A)u

will be denoted

-
L Pl A '
|l f_(__)_"ﬂl-l = W) + RA)PA)Y'QR)
| RA) W)

For a rational function G, we define the adjoint
f

G'A) = {GT(—A) for the continuous case

r L = S
G Taa) for the discrete case.

BASIC NOTIONS AND STATEMENT OF THE MAIN RESULT
We shall associate with the triplet >, the following objects:

The continuous Popov function is the rational function
- . A=l
IIE(S) = [BT(-sl-ATY T 1| P [(S‘ Az B] = R + BT(sI-ATYIL +
LT (sI-A)1B + BY(-sl-ATY1Q(sI-A)'B (4)

The extended Hamiitonian pencil {EHP) is the matrix pencil AM-N with M,
N eRn.‘.n +mix{2n+m) where

i U U _T 1 A 0 B —‘
| |
M=, 0 1 0 | , N=| -@ -AT L \ 5)
‘x
o ¢ 0o | L™ BT R |

and their discrele counterparts:

The discrete Popoy function is the rational function

. SRl g
ﬂEm = [BT(1/z1-AT) 1] P {(‘1 AI) B} = R + BT(Vz-ATIL +
LTiz-A)'B + BI(U/zI-AT)1Q(d-A)' B (4

The extended symplectic pencil (ESP) is the matrix pencil AM-N with M,
N ER2n+mE2n+m) ywhere

r = r j
1 0 0 | A0
M=| 0 --AT 0 | N=| @ 1 L (%)

o -B° 0 | I DL
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Belore stating our results, let’s give some definitions of the matrix poencils introduced
above. We assume as being familiar such notions as generalized cigemvalues, deflating
subspace, ctc. For an extensive treatment of the general theory of matreie pencils, ome
can consult {1, [2], [3]. We shall assume in the sequel that EHP and B8P arc regular
ie. det. (AM-N)#0. We shall say that EHP is dichotomic if it has mw geocralived
cigenvalues on the imaginary axis and exactly m generalized eigenvalues st infinity. In
this casc we can prove that there exists an n-dimensional stable defiating subspace
DER™*™ j e a deflating subspace such that the spectrum of EHP restrictied to it hizs
in the open left halfplane. This is, in turn, equivalent to the fact that for any busis matrx
V of #, there exists an nxn stable matrix S such that

NV = MVS (6}
Let V be partitioned as
Vil }a
V= | V2 | In )
Vi | }m

Then, if V1 is nonsingular, we shall say that EHP is disconjugate. We shall say tha:
ESP is dichotomic if it has no generalized eigenvalues on the unit circle. In this case, we
can prove that there exists an n-dimensional stable deflating subspace i.c. a deflatimg
subspace such that the spectrum of ESP restricted to it lies inside the unit disk. Exscthy
as for the continuous case, there exists a basis V and a stable (in the discrete acceptancc’
S such that (6) is satisfied and considering the partition (7) a disconjugate ESP is defined
in the same manner.

‘We can now state our results.

Theorem 1. The following statements are equivalent:

1. The following hold:

a) the pair (A,B) 1s stabilizable;
b) HE(S) is invertible over the rationals and has no zeros on jR;

¢) The realization
A 0 I B %
HE(S) = ! 0  =AT ' I i (8
|

AR
has no uncontrollable and/or unobservable modes on jE.
2. R is nonsingular and CTARE (2) associated with », has a stabilizing solutios X.
3. EHP (5) is disconjugate.
4. The following hold:
a) the pair (A,B) is stabilizable;
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b) R is nonsingular and EHP is dichotomic.
5. There exists a sign matrix
; m[—lm, : | ®
ma) |

and & biproper matrix transfer function

A B
G=
wo| Vv
and with stable inverse such that
nz () =G"(s\IG(s) (10
The corresponding result for the discrete-time case can be formulated as
‘Theorem 1'. The following statements are equivalent:
1. The following hold:
a) the pair (A,B) is stabilizable;
b) l“.z(z} is invertible over rationals and has no zeros on the unit circle;
¢) The descriptor rcalization
17 a-A 0 l B

sz { e l-m"'i L ®)

11_ LT 28T l R

has no uncontrollable and/or unobservable modes on the unit circle.
2. DTARE (2') associated with 3, has a stabilizing solution X.
3. ESP (5) is disconjugate.
4. The following hold:

a) the pair {A,B) is stabilizable;

b) ESP is dichotomic.
S. There exists a sign matrix (9) and a biproper matrix transfer function

with discrete stable inverse such that (10) is satisfied with the adjoint defined according

to the discrete case.

Theorems 1and 1’ are, in fact, generalizations of the celebrated Positivity Theorem in the
continuous and discrete cases (seef4]), where the positivity condition was replaced by an
invertibility condition. Relation (lo)kmﬂcdthcl-qmnispwu‘alfaanﬁzﬂimofﬂz K

stability for G were also imposed, we would have a spectral factorization of the Popov function.
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We shall not give the proofs here, but only their main lines. The equivalzmme 2o,
was proved for the discrete case in [5]. The continuous case is even simpler. Withtis
equivalence, the implication 2.~>4. becomes obvious. The implications 5.~ 1. awdld-~»1.
are quite simple. The implication 2.-»$, can be easily obtaincd from the so-csBed
spectral identity. J is taken the sign matrix of R in the continuous case and the sign mmatrix
of R + BTXB in the discrete~time case. The implication 5.2, can be obtained thromgh
the techniques used in [4] for the proof of the Positivity Theorem. The hard part of the
results is 1.2, This is proved first for the particular case when A is stable and then the
general case is reduced to it with the aid of a stabilizing feedback which cxists due o
assertion a).

CONCLUSIONS

Necessary and sufficient conditions for existence of the stabilizing solution to
CTARE(2) and DTARE (2') are derived under the most general assumptions imposed
on the initial data: A, B, Q=QT, L and R = RT. These conditions are expressed in three
equivalent forms, namely: frequency domain conditions, disconjugacy of an associated
matrix pencil and stabilizability of the pair (A,B) in conjunction with dichotomy for the
same matrix pencil. :
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