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Abstract: In this paper, the framework of driftless control affine systems has been used for the study of inventory and
production problems. A mathematical model for an economic problem was built by using some optimal control techniques.
For the controllability issue of the optimal control system, which involves restrictions on the final quantities required, the
Lie geometric methods have been applied. In order to find the optimal solution, the Pontryagin Maximum Principle has been
used at the level of a Lie algebroid, which in this case consists in an integrable distribution of the tangent space. Finally, a

numerical example is presented.
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1. Introduction

It is well known that the optimal control theory
has been applied successfully in different domains
such as economics, econometrics, cybernetics
or operations research. Arrow (1968) applied
the control theory to economic growth. The
book of Seierstad & Sydsater (1987) added a
valuable contribution to the literature on the
optimal control of economic processes. Sethi
& Thompson (2000) covered topics including
production and inventory problems, optimal
consumption of natural resources or applications
of control theory to economics. Caputo (2005)
presented numerous complementary methods
for applications of optimal control to operations
research and management science. Weber (2011)
provided an introduction to the use of optimal
control techniques for deterministic continuous-
time systems in economics.

The Lie geometric methods are used in the study
of controllability problems of control systems by
many authors. Brocket (1973) proved that Lie
theory and control are closely connected. In the
book of Isidori (1995) the control affine systems
are studied. LaValle (2006) presented a unified
treatment of control theory including holonomic
and nonholonomic systems. Some type of control
mechanical systems are investigated by Popescu
(2018) or Khan, Akmeliawati & Khan (2018).

One of the most important and powerful methods
in the study and analysis of the solutions for the
optimal control problem is Pontryagin’s Maximum
Principle, which generates a first order necessary
condition for optimality. It is assumed that a
curve c(f)=(x(t) u(t) is an optimal solution
if there exists a lifting of x(z) to the cotangent
space (x(¢) p(¢) satisfying the Hamilton-

Jacobi-Bellman equations. However, finding the
optimal solution for a control problem remains
very difficult for several reasons. First of all, the
problem of integrating a Hamiltonian system,
which is generally difficult to integrate, except for
its particular dynamics and costs, is approached.
Secondly, even if all solutions can be found,
the problem is to select the optimal trajectories
from among them. For these reasons, it is very
important to find new methods and techniques that
would simplify this study. The aim of this paper
is to solve a problem pertaining to inventory and
production. This type of problems is intensely
studied. Ortega & Lin (2004) gave a review of
control theory applications to the production-
inventory problem. A study on supply planning
and inventory control under lead time uncertainty
is presented by Dolgui et al. (2013). Gayon,
Vercraene & Flapper (2017) studied optimal
control of a production-inventory system with
product returns. A problem of production control
under inventory inaccuracy and time-delay is
investigated by Li & Wang (2017). Chen (2018)
studied a problem for optimization of production
inventory for a single-vendor multi-buyer system
of perishable products.

In this paper the Pontryagin Maximum Principle
is used at the level of a new working space. The
fact that the framework of Lie algebroids is
more suitable than the cotangent space for the
study of driftless control affine systems with
holonomic distribution is proven. A Lie algebroid
is a generalization of the notions of tangent space
and Lie algebra. The symmetries of control
systems using the framework of Lie algebroids
are studied by Popescu (2017). This paper is
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organized as follows. In the second section, some
necessary results from optimal control theory are
introduced. Also, the control affine systems are
presented and the problem of controllability is
studied, by using the properties of Lie brackets
in the case of holonomic distributions. Next, only
the necessary notions about Lie algebroids and the
geometric viewpoint of the optimal control in this
new framework are presented. Finally, the relation
between the Hamiltonian function A on dual Lie
algebroid and the Hamiltonian function A on the
cotangent space is given.

In section three, that contains the novelty of the
paper, the strategy is to apply the Pontryagin
Maximum Principle at the level of a Lie algebroid
for a problem of inventory and production. First,
we present the mathematical model of our problem
and observe that this is a driftless control affine
system with holonomic distribution. Using the
Lie brackets of the vectors of distribution and the
Frobenius theorem we study the controllability
and find the condition that the inventory level
has to fulfill, such that the system can be brought
from an initial state to a final state. In order to
find the optimal solution, we can apply the
Pontryagin Maximum Principle as in the classical
case on the cotangent space, but we obtain a
very difficult system of differential equations.
We will use a different approach, involving the
framework of Lie algebroids. Using the Hamilton-
Jacobi-Bellman equations on Lie algebroids we
find the solution, which is optimal because the
Hamiltonian function is convex.

2. Optimal Control

Let M be a smooth n-dimensional manifold (in
particular, a subset of R"). A control system on M
given by a set of differential equations of the form

dx'
I S (x,u) |

will be considered, where x =(x',..,x")eM
represents the state variables of the system and
u=(@u',.,u")eU c R" represents its control
variables. Letx, andx, be two states of the
system (two points of M). An optimal control
problem consists in finding the ways in which the
system is brought from the initial state x, to the
final state x, and in minimizing the cost functional

min [ L(e(0)u(@)dr, x(0) = xp.x(T) =,

where L is the Lagrangian (energy, cost, time,
distance, etc.).

In other words, the trajectories of our control
system which connects two points have to be
found, so that a certain optimality condition is
satisfied. The necessary condition for a solution to
be optimal is given by the Pontryagin Maximum
Principle (Pontryagin, 1962). The Hamiltonian
function on dual space is given by H = < p.f > -L,
which leads to

H(x, p,u) =Y pf' (x,u) = L(x,u),

i=1
where (p;...., p,) are momentum variables. The
maximization condition with respect to control
variables u,

H(x(t), p(t),u(?)) = max H(x(1), p(1), ),

yields
oH _

- =0
ou'

(H is assumed to be smooth with respect to «) and
the extreme trajectories satisfy the equations

dx' oH dp. OH
ot ap o (1)

dr op,” dt ox'
2.1 Control Affine Systems

A control affine system has the following form
(LaValle, 2006)

£= X, () DX, () 2)

where X:@ and X,,X,,..,X, are smooth

vector ﬁeldéj ton the manifold M. Usually, X, is
called the drift vector field as it describes the
dynamics of the system in the absence of controls
and X;,i=1m are called input vector fields. A
first aspect studied for these systems is the issue
of controllability.

A system is deemed controllable if for any two
states x, andx, there exists a solution curve of
(2) connecting x, to x,. Controllability does not
depend on the quality of the trajectory between
two states, or on the amount of control effort.
The presence of drift complicates the issue of
controllability significantly. Further on, a driftless
control affine system, or a distributional system,
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where X, =0, will be considered. In this case the
following can be obtained:

i= iu”X /(%) (3)

Most information about controllability is included
in the structure of the Lie algebra generated by
the vector fields X, ,i =1,m . A distribution A on
the manifold M is a map which assigns to each
point in M a subspace of the tangent space for the
respective point, namely xe M - A(x) c T .M.

The distribution A is considered locally finitely
generated if there is a family of vector fields X,
i =1,m (called local generators of A) which spans
A, le.

A(x) = span{X,(x),... X, (x)} cT.M

The distribution A has the dimension £ if
dim A(x) = k, for all points x € M. In this regard,
the Lie bracket of two vector fields is given by

[X,Y1(f) = XX ()-YX(),

Let A=span{X,,..,X,}be the distribution
generated by the family of vector fields X,
i=1,m. The distribution is called involutive if
the Lie bracket of any two vectors from A belongs
to A, that is if

X,YeA=[X,Y]eA

In this case every Lie bracket can be expressed as
a linear combination of the system vector fields,
and therefore

. k
[Xi’Xj]:kZ;Li/Xk

It should be mentioned that a foliation {S « } ael
of M is a partition of M = U S, into disjoint

ael
connected submanifolds S, called leaves.

Definition 1. A distribution A of constant
dimension on M is called integrable (holonomic)
if there exists a foliation {S,},., on M whose
tangent bundle is A, that is 7.5 = A(x), where
S is the leaf passing through x.

Theorem 1. (Frobenius) If A is a distribution
with constant dimension on the manifold M, then
A is integrable if and only if A is involutive.

If this is applied in the case of driftless control
affine system (3) and the distribution A, generated
by the input vectors X,, i=1,m is integrable

(holonomic) with constant dimension, then the
system is not controllable and A determines a
foliation on M with the property that any curve
is contained in a single leaf of the foliation. In
other words, any two points can be joined by an
optimal trajectory if and only if they are situated
on the same leaf.

Further on, some notions about Lie algebroids,
which are useful in the study of driftless control
affine systems will be presented.

2.2 Lie Algebroids

Let M be areal, C” -differentiable, n-dimensional
manifold and T M its tangent space at x € M.
The tangent space of M is (TM, x,, M) where
TM = U T .M and r,, is the canonical projection
map n);M TM — M taking a tangent vector
X(x)eT .M cTM to the base point x € M.
A vector bundle is a triple (£, 7, M) where E and
M are manifolds, called the total space and the
base space and the map n: £ — M is a surjective
submersion. According to Mackenzie (1987), the
following can be obtained:

Definition 2. A Lie algebroid over the manifold
M is a triple (E, [-,],, o) where (E, &, M) is a
vector bundle of rank m over M, satisfying the
following conditions:

a)C”(M)-module of sections of T'(E) is
endowed with a Lie algebra structure [-,].

b)o : E — T'M isabundle map, usually called
the anchor, which induces a Lie algebra
homomorphism from the Lie algebra of
sections of the bundle (T'(E) [-,-];) to the
Lie algebra of vector fields (I'(M),[-,])
thereby satisfying the Leibniz rule

[Sl’fgz]E :f[sli Sz]E +(O'(Sl)f)S2 B
Vs,,s, eT(E) feC™"(M)

From this definition it results that:
1 e is a R-bilinear operation.

2 [-;]; 1s skew-symmetric, i.e.
[sy58, 1 =182, 15
3 [-]p verifies the Jacobi identity,

[s15082583121g +825055,8 161

+[s3,081,8,1¢1z =0.
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For a function fon M, the differential df (x) € E.
is given by <ay’(x) a> o(a)f for VaekE. .
If we /\k(E )is a k-form then the exterior
derivative d“w e A" () is given by

d* (s, sp) =
k+1

Z(—l)”la(si)a)(sl,...,§l,

> Sei)

> DT O([8,28, 1 58 Syseees S e

1<i< j<k+1

Sk+1)

where s; € I'(E) . If the local coordinates (x') are

taken on an open U — M, then the local basis

{s,} of the bundle sections generates the local

functions o7 (x) Lj,;(x) on M given by

o(s )=0 0 [s ,s,]= i=ln
a i ax- > a /5‘ >

13

ﬂS;n

o fy=1m

which are called the structure functions of
Lie algebroid.

A control system on the Lie algebroid (£,[-,];,0)
(Martinez, 2004) with the control space 7 :
A — M is given by a section p of E along 7. A
trajectory of the control system p is an integral
curve of the vector field o(p). In relation to a cost
function L € C*(A4) the integral of L should be
minimized over the set of those system trajectories
which satisfy certain optimal conditions. The
Hamiltonian function H is defined by

H(uu)=(upw) = L),

whereas the associated Hamiltonian control
system P is given by the symplectic equation
of Lie algebroids

. _ E 1y

i, op=d H )

where @, is the canonical symplectic form. The

extremal trajectories are given by the Hamilton-
Jacobi equations (Martinez, 2004)

dr “ou,’ (4)
du, , 0H oH
Ty, E _O-a ~ i lu"Laﬂ =
dt ox' " Qug
.. OH
with —=0.
Ou

We can associate to any Lagrangian L :E —> R
on Lie algebroid £, a Lagrangian L on Imo c TM
according to (Popescu, 2009)

L) ={L@wu<E,, ou)=v}

Theorem 2. The connection between the
Hamiltonian function A on dual space 7'M
and the Hamiltonian function A on the dual Lie
algebroid E” is given by

H(p)=H( (p). u= o (p)

. . (5)
pel M, HUek,

Proof. The Fenchel-Legendre dual of Lagrangian
function L is the Hamiltonian function H given by

H(p)=sup{(p,v)— L(v)}

= svup{<p,v> - ZJ(u), o(u)=v}

and the following is obtained

H(p) = sup{(p.o (@)~ L(w)}
=sup{(e”(p).u) = L)} = H(o ()

where ¢" :T°"M — E " is the dual application. In
local coordinates

:ua = G*LPi (6)

i1s obtained and the Hamiltonian function H is
degenerate on Kera < T M.

3. Applications of Control Affine
Systems to a Problem of
Inventory and Production

It is assumed that a company manufactures three
types of products, denoted by B P, P, . In a
certain period of time 7, which is fixed, it must
produce a certain amount (51.5,,53) of each type of
product. A certain quantity of the A, P, products
are used for manufacturing the & product. Also,
it is known that the unit production costs increase
linearly with the production level and the cost
of production operations for 7 is considered
negligible. The unit storage costs for each product
per unit time are given by constants (8, 8,, f,) . A
production plan is necessary to ensure the required

quantity is produced until the specified delivery
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date with minimum costs.

The case of a single product is studied by Kamien
& Schwartz (2006).

Let us consider x' = x'(¢), i=1,23 the inventory at
time ¢. The inventory level is the cumulated past
production p' = p'(?), and considering x'(0)=0,
the following is obtained:

X' ()= p' (e

It results that the rate of change of the inventory
%' is the production and we have x’' = p’. As
the unit production costs, denoted by c;, increase
linearly with the production level, ¢, = a p', the
total cost of production is given by

Clpl + Czpz = 0‘1(P1)2 + 0‘2(1?2)2 = 0‘1(551)2 + 0‘1(3.52)2

where d,,d, are positive constants. Thus, the total
cost, including the costs of inventory holding is
given by

al(xl)z ta, (1)’ + B (l—kl)xl

+p,(- kz)xz + ﬁ3x3

where k;,k, €[0,1] represent the percentages of
quantities B,P, used for the manufacturing of
P,. Ifitis considered that x' =u', ¥* =u> are
the control variables and if it is assumed that
the rate of change of the inventory level for P,
is given by the law %’ = ku'x' + k,u’x*, the
following optimal control problem is obtained:

=
o =u’
= k' x + ke x? (7)
xX'(0)=0, X' (T)=s,
wut >0, k,k, €[0,1]

A production plan with minimum costs is
the solution

T
min L (0, ') +a,(@*)
+ﬁl(l—k1)x1 +ﬁ2(l—k2)x2 +,B3x3)dt

It can be noticed that this is a driftless control
affine system on M = R’ written in the form

. 1 2 3\t _ p3
x=u X, +u,X,, x=(x,x",x) eR;

min f F(u(t), x(0))dt,

where
1 0
X] = 0 X2 = 1 and
keyx! k,x*

F(M(f)ax(f),) = o (')’ + o, () + B(1—K,)x'
+ B (1- kz)xz + :83x3

The optimal trajectories starting from the point
(0,0,0) to endpoint (s,,s,,s,)are sought. The
distribution A =span{X,, X,} generated by the
vector fields X, X, has a constant dimension,
dim A(x) =2, for all x e R*. Also, in the natural

basis —l,iz,% of R® the vector fields
X Ox°. Ox
have the expressions
0 , 0 0 , O
X =—tkx' — X, =—— +hkx’ —,
ad T , N R

and by using the formula
[/X,8Y]= fel X, Y]+ /X ()Y —gY (/)X
it can be noticed that the Lie bracket is given by

[X,,Xx,]= {%Jr kyx! %,a}%ﬂczﬁ %} =0,
that is the distribution A is involutive. From the
Frobenius theorem, it results that the distribution
is integrable (holonomic) and that it determines a
foliation on R} and two points can be joined by an
optimal trajectory if and only if they are situated
on the same leaf. In fact, the economic system is
not controllable, in the sense that we cannot reach
any final stock quantity. Indeed, from the system
(7) the following can be obtained

X =k x kX xt,
and it results that
1\2 252
¥ = kl(x ) +k2(x )
2

+c¢, ceR

b

which are the surfaces (elliptic paraboloids) of Rf
, which determine a foliation. Moreover, by using
x'(0) = 0 the following relation can be obtained:

¥ = k1(xl)2 +k2(x2)2
2

3
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and from x'(T)=s, it results that the above-
mentioned problem has a solution curve
connecting (0,0,0) to endpoint (s,,s,,5;) (the
system is controllable) if and only if the final
amounts satisfy the condition

klsl2 + k2s22
T
Next, the Pontryagin Maximum Principle can be

used in order to find the optimal solution. The
Hamiltonian function on dual space is given by

3
H=Y pi'~F which leads to
i=1
H=pu'+ pu’ +p,(ku'x" +ku’x*)
1\2 242 1
_a1(u) _az(u ) _/81(1_k1)x
2 3
= p,(I=ky)x™ = fx°,
where p,, p,, pyare momentum variables on

dual space. The condition o =0 leads to the

. . au
following equations
aiz()julzpl-l_l%klxl
ou' 2a,
oH + pikyx’

—0= y? = Po T P3ky
ou 2a,

Now, the expressions of the control variables
u',u” will be replaced into the expression of the
Hamiltonian function and by direct computation
it results that

_ P, +p3k1x1)2 N v, +[)3k2x2)2
4o, 4a, (8)
_ﬁl(l_kl)xl _ﬁz(l_kz)xz _ﬁ3x3

Using the Hamilton-Jacobi-Bellman equations (1)
the following can be obtained:

H

i _ﬁ _h 4‘]93klx1
op, 2a, ,

2= OoH _p, +p3k2x2

op, 2a,

V= @ _ (pl +p3k1x1)klx1 N (p2 +p3k2x2)k2x2
ps 204 20,
P1:—§:ﬁ1(1—k1)— : 5021 13

b

a[g :,Bz(l_kz) _ (pz +p3k2)€2)k2p3

pz:_ﬁx 20, ’
. of
p3 :_6x3 :163

which is a complicated
differential equations.

system of

In order to find the optimal solution, a different
approach, which involves the framework of
Lie algebroids, will be used. The Pontryagin
Maximum Principle will be applied for the Lie
algebroid £ =A (holonomic distribution with
constant rank), the state space is M = Rf, the
anchor o :E — TM is the inclusion and [-,-] the
induced Lie bracket. In this case, the anchor ¢ has
the components

1 0
o= 0 1| i=13 a=12
kx' kX

and a regular Lagrangian function on Lie algebroid
E will be obtained in the form

L(u(®)xt) = oy(u' )* +oy(u” > + B (1—k, )x*

+pB,(1-k, )x2 + ,B3x3
Indeed,

oL B 20, 0
ouou’ | 0 2a,

and it results that

.
det a_L_ =0
ou'ou’

Using the Legendre transformation induced by the
regular Lagrangian

~

oL
(x,u) > (x, 1), i =D (x,u)=—
ou

the Hamiltonian function is obtained:

H(x, 1) = p® ' (o, 1) — L(x, @ (x, 1))

For the (x,u) coordinates the following is obtained:

~ oL

H=u'——IL=0u")+au?)?

aui
= Bi(l=k)x" = B, (1=ky)x* = fox°
and the relations
wo=2au", py =205°

2
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lead to the expression of the Hamiltonian function
on the dual algebroid

Ao =t B2 g gy
4o, 4a,

_:82(1_k2)x2 _:83x3

Using the relation (6) the following expression
can by obtained:

P
# 10 k') = p +hkx'ps
= 2| P2 | = 2
Hr 0 1 kyx Hy = Dy + X7 ps
Ps
and from H(p)= H (6" (p)) it can be noticed
that the expression of the Hamiltonian H on the
cotangent bundle is the same as in (8). From the
relation [X,,Xz]=1,,X, it can be obtained
that [/ 5 =0 which leads to the Hamilton-Jacobi
equations on the Lie algebroid (4) in the form

. OH
“ ox’

' _ oH  du,
di " ou,” dt

In this case the following system of differential
equations is obtained:

= 01 oH _ M
Ay 20‘1 ,
=020 oH _ K
84“2 20‘2
PonH oH : oH _ k! . kX
o Oy 20 20,
oH oH
= ‘71151 3 —ﬁ1(1 k)+kxﬁ3
, OH p 6H

—/82(1 k )"‘kzx /))3

Hy =_52§

Moreover, from

X_l: Hy :>j(§1: My

2a, 2ay

b

it results that

jél — klﬂ:’) xl
2a,

n pr1—FK) 9)
2a,
which is a linear nonhomogeneous second

order differential equation. From the linear
homogeneous differential equation

j&l_kIﬂS x1:O

2a,

and from the characteristic equation

22— kps = ( ,with solutions, }, , = + kpy
2a, ’ 204

the general solution of the homogeneous
differential equation can be obtained:

kPs ; _ | kBs ;
2 2
()y=ae' " +ae '

Hence, the general solution of
nonhomogeneous equation (9) is given by

ki By p LS P
1 V2 2
x)=ae' +ae V" —

Using the initial conditions x'(0)=0, x'(T) =,
the following system is obtained:

the

ﬁl(l - kl) (10)

173

al+az—ﬁ1(k1 k)
s
a, pl-k)
ad, 72— 1k ! 5
1 1By

kps
where d, =e 2% 5 1 with the solution

a, = 1-k B n 072151
. = d, ﬁ1(1_k1)_ dys,
Pdi+l kB dl-l
In the same way, using ¥ = 2 ,
2a,
kB, ELSYCp B
Py =be' 2 b Ve AU gy
k2ﬂ3
is obtained, where
_ -k, B, N d,s,
1 dz +1 k2183 d22 -1
_ d, ﬁz(l_kz)_ d,s,
od,+l kB, 4 -]
2a,
d,=e >1
Finally, following equation is obtained
12 232
x3(t)=k1(x) (0) +ky (x7)" (1) (12)

2
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Moreover, by introducing the expression (10) into
the equation & = B,(1-k) + x'k,p; the following
equation is obtained

1kBs, _ |kbBs,
)=k pae 2 +k pae 2

which leads to

k1ﬁ3, B k1/”37
(1) =20k fs| e —ae Vg

Also, by using the same computation it results that

kzﬂz, B ]"zﬁzr
o) = 20,k 55 | be M —be VP te,

and the following control variables are obtained:

ki3 kP
kB, 2a, R G
u =t kB ae' " —ae VN |+
. 20, 20

20

1

R
20,

kb5 kB
k \ 2, | V2e, | €
= LY be 2% —bye My 2
2a, 2a,

Moreover, from the relation
1 1 (T (o
x(T)—x(O)—L x(t)dt—L u\(t)dt

the following equation is obtained:

klﬁ3 klﬂ3
T k 1 - t c
s, :J. kps ae' " —ae VY |+ L |dr
01y 2ay 20,

which leads to

klﬁST _ klﬁST
V2 V2 ¢
si=a|e' ™ —1ll+ale '™ —1|+—2T

20

and it results that

ks _ kB
_ 24 V2a E

o=—o/|s8-—qe -l|-a,|e

In the same way, the following can be obtained:

“© _1|-ble V% -1

2
c2=% s, —b| e

Finally, the following control variables are obtained:

k1ﬁ3 k1ﬁ3
k A5, e Lac P
u' (1) = kfs ae' —ae V"
2a,
kb, [k,
1 2a, _1

2
+—| s, —ale -1l|-a,|e '™
T

BA 2
k ‘Dt ! N [22 !
TR LY P E R £
2a,
5, R,
+% s,—ble'? —1|=ble " -1

The solution above is optimal because the
Hamiltonian function is convex.

Next, the following numerical example will
be considered:

s, =2,8,=2,5,=2, f=4,5,=4,5,=2,
a,=2,0,=2, k,=05,k, =05, T=2

and by using (10), (11), (12) the optimal solution
is obtained, as illustrated in Figure 1.

Figure 1. The optimal solution for the
numerical example

For this example the control variables u'(r) = u*(¢)
are obtained and are represented for ¢ €[0,2] in
Figure 2.
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[
N

1 1. 2
0.8/ 5
0.6

Figure 2. The control variables for ¢ €[0,2]

Figure 3 is obtained for the control variables in
the case 7 € [0,10].

100
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Figure 3. The control variables for f € [0,10]
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