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Abstract: This paper proposes a consensus tracking control for a class of second-order multi-agent nonlinear systems and
generalizes the concept of integral sliding mode for networked systems. This design relies upon an integral manifold which
is defined as a function of the consensus error variables. The designed integral manifold helps in the establishment of sliding
mode without reaching phase. Consequently, the robustness against uncertainties is guaranteed from the very start. The
continuous control components, of the control laws, governs the dynamics of the nonlinear system in sliding mode and the
discontinuous terms handle the disturbances. The stability analysis is given to show the sliding mode establishment and an

example is considered to demonstrate the benefits of the proposed strategy.
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1. Introduction

Owing to the significant applications in
rendezvous control of multi nonholonomic
agents [8, 11, 14], formation control [2, 22], and
flocking altitude alignment [3], the consensus
control design of multi-agent systems has been
the key focus of the researchers for almost two
decades. These systems are either supposed to
follow a specific pattern of motion or they are
allowed to follow a leader which one may call
leader consensus control. In the leader-follower
systems, the leader influences the behaviour of
the followers while remaining independent of the
effects of the followers. Therefore, the control
of the leader reflects the control of networks.
This design strategy simplifies the overall
implementation procedure of the control inputs
and also prevents the energy loss with reduced
cost [15]. But in practice, the availability of the
leader’s input to the followers may not be possible.
For example, multiple missiles fired to follow an
aircraft do not know about the aircraft’s inputs and
dynamics. Therefore, it is of prime importance to
investigate control strategies which make use of
little information related to the leader e.g., position
and velocity availability to at least one follower
of the network which must be capable to send
information to a small portion of the network.

Recently, a number of papers have been
focused on the cooperative regulation problem
(consensus) and cooperative tracking problems
(synchronization) of networked systems. In
consensus the controllers are designed to drive
all the networked agents/nodes to a consensus
equilibrium which mainly depends on the initial

conditions [16]. This is named consensus without
leader. On the other hand, in synchronization the
followers are supposed to follow the leader’s
output which is, in general, considered the as
desired command for the followers (see for
instance, [17, 18]). The control algorithms, for
consensus and the synchronization, need to be
robust because, in practice, these systems operate
under the action of disturbances. In the existing
literature, a number of approaches, based on
sliding mode theory [20], are developed for the
robustness performance of uncertain nonlinear
systems [1, 7]. Note that sliding-mode-based
techniques were used for the consensus and
synchronization control of multi-agent systems
[10, 12, 23]. The synchronization problem
posed in [12] provides finite-time consensus for
second-order multi-robot systems whereas [23]
has proposed neural network-based sliding mode
control design for a class of higher-order feedback
linearizable nonlinear systems. The strategies
designed so far were based on the conventional
sliding mode control (SMC) which is sensitive
to a class of disturbances in the reaching phase.
Therefore, in the past decades, the reaching phase
free sliding mode control strategy development
was the key focus of several researchers. In order
to reject the matched uncertainties, an integral
sliding mode-based strategies were proposed in
[9, 13, 21], whereas the mismatched uncertainties
were suppressed via synergic strategies of an
integral sliding mode and an H_ control [4, 5,
18]. Similarly, the other sliding-mode-based
consensus and synchronization strategies provided
robustness consensus or multi-robot systems.
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The main contribution, of this article, is that
the concept of integral SMC is generalized to a
network of nonlinear electro-mechanical systems
instead of a single electro-mechanical system.
Therefore, the structure of the control along with
the stability analysis is entirely different from
the existing literature. This design algorithm is
different from that of [12], where a control input
channel was fixed, while in the present article the
authors have taken into account a state-dependent
control input channel. The investigated control
algorithm provides more benefits in terms of
enhanced robustness with suppressed chattering
and improved performance. Thus, the contribution
in this article is substantial. The proposed control
technique takes into account a well-defined
problem. The problem formulation for the
networked electro-mechanical systems with clear
consensus scenarios is presented in Section 2.
The control design for the posed problem, along
with closed loop stability analysis, is addressed
in Section 3. The efficacy of the newly developed
control algorithm for this class is shown by the
results of a numerical example in Section 4. In
the end, the article is concluded, in Section 5,
followed by the relevant references.

2. Problem Formulation and
Mathematical Preliminaries

2.1 Definitions

A multi-agent system considered with a leader
and n followers which are also termed as nodes
or vertices is denoted by V={),1,.. .V},
the set of edges is denoted by £ < Vx )V and
a related graph is denoted by G={V,£}.
Note that (VI,VJ) c £if nodei is connected
to node j . A direct path from node i to jis
a sequence of successive edges in the form
(V)M )s- - 5(V,.V)) In a directed
graph the node i can send information to node
J but not necessarily vice versa whereas in an
undirected graph the two-way information is
always possible (for more detail, see [19] and
the references therein).

A weighted adjacency matrix 4 = [al,j] e Rl
of a graph G consists of nonnegative elements
a, > 0if (VpV,) €& and a; =0 otherwise. In
addition, ,

letdi=Zaij, D:diag{doadp"')dn}, and
=0

the Laplacian of weighted graph G is given by
L — D _ A c anr]XnJrl .

2.2 Problem formulation

In this work the dynamics of a leader system with
the following state space realization is considered

Xo1 = Xo2

0]
X = fo (t ) xo)
where x, =[x,,,X,,]" represents the position and
velocity vector of the leader system, f,(¢, x,) is the
smooth scalar function which drives the leader.
The dynamics of an i follower is described via
the subsequent state space realization

X, =X, i=12,..,n

X5 :fi(xi)"'gi(xi)ui +A, (xi’t)

where x, =[x,,x,] is the state vector of the
i" follower. The term A, (xl.,t) describes the
matched uncertainties in the followers’ dynamics
and u; are the controlled inputs. In order to keep
the controllability of each agent, it is assumed
that g, (xl.) # 0. Furthermore, it is also assumed

here that
1A, (x,2)<C, (3)

2

where C, are positive constants. The system
considered here consists of n+1 agents. The
leader’s dynamics is made different from the
follower dynamics by adding the subscript O . The
remaining # agents work as followers. A directed
graph G={V,&}, with V={Y,U,.. .V}, is
used to express the relationship between the leader
and followers. The adjacency matrix is

ayy a4y a,,
A =|ay ay a,,
_anO anl ann

A sub-graph g_ = {17, 3 } denotes the topology
of the n followers. Now, owing to the followers’
topology one may have

ay Gy 4,
= |Gy Qyp - 4y,
i - .

anl an2 e ann
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In addition, let o, = Za[j , D=diag{d,,....d,}.
i=0

Consequently, onchas L=D-Ae R™ . In
this work a, =1 if (Vj, Vileé' and a, =0
otherwise. Next, E:diag[bl,..., b,], Where
bi =1 if the agent i is connected with the leader

and otherwise O .

It is assumed that the function f,(Z,x,) is
unknown to any follower. However, the upper
bound of this function is known to its neighbours.
It is also assumed that the leader’s position X,
and velocity X, is available to its neighbours.
The problem (Problem-a) which the authors are
going to address is that the n followers should
track the leader in the presence of uncertainties.
To get a solution to this problem, it is reformulated
by defining the consensus error variables in the
forthcoming equations

€ :zaij (x; _le) +b, (x; —xy,) 4)
=

€ =Zaij (x5 _sz) +b; (X, —X,) ®)
=

Owing to this definition, the error dynamics along
the dynamics described by (1) and (2), appears
as follows

Zl :ZZ
3, =(L+B)(f(x)+g(x)u+A(x1))

- (6)
-1f,(,x)
where
Zl =[e, e85, . .. »em]T,
Zz =[en. 5,5, - - - ’enZ]T’
S(@) =0 () L) ()]
g(x) :diag[gl (xl)’gz (XZ)’ o8 ('xn )]’
u=[u,u,,. ..ul
and

A(x) =18, (1%).c o, (15,

The new problem (rProblem—b) is that of steering the
states [Zl R 22 } , of the multi-input multi-output

system, to the origin in the presence of matched
uncertainties; that is, state regulation becomes
the ultimate target. The solution to Problem-b is,
consequently, the solution to Problem-a.

3. Control Algorithm Design

This section presents the integral sliding mode
control design for the system developed in the
aforementioned problem formulation. The control
input is, generally, expressed as follows

u=u,+u, (7

where u, is the control input which governs the
system in sliding mode and #, is the control input
which effectively nullifies or diminishes the worst
effects of matched disturbances. In the subsequent
study, the design is systematically outlined.

3.1 Integral manifold design

The integral sliding manifold design for the i"
system can be defined as follows

o,=4 e te, + z ®)

1

The integral manifold for the overall system may
be written as

G:AZI+<ZZ+Z) 9)

where A =diag[h,,\,,...., A 1€ R is the
system’s }l)erformance parameter matrix and
Z € R""is the vector of the integral terms of
the integral manifolds.

3.2 Design of u,

The system reported in (6), without perturbations,
can be replaced as follows

>, -2,

Zz - W(ZP Zz’ u)+u (10)
where

V/(ZP Zz’ ) :(Z+E)f(x)
+((Z+§)g(x)—T)u —Tfo(t,x)

It is suitable to assume that y (Zl, 22’ u)=0 at

the very beginning. The validity of this assumption
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is authenticated by component u, at time ¢ =0.
Consequently, the system (10) becomes

PIEDR
2, =t

. .th . .
This system, for an i" follower, in matrix form
can be written as

E = AE,+Bu,

(11)

where E, =[e, e,]" is the vector of the consensus
errors, A, and B,.are system distribution and
input channel matrices and #; is the stabilizing
control input to the error dynamic system.

The emphasis here is on the development of the
control design strategy and the authors consider
the linear quadratic regulator (LQR) procedure
suitable in this scenario. Therefore, the control

component U, will appear as follows

i =k,e +k.e,=k'E,

1

where k, =[k, 12] is the vector of the gains
demgned via the LQR procedure. Note that
each component of this part of the control input
minimizes the Quadratic cost function

dr)

1 o0
Ji = EJ‘(EiQiEiT + uZI;Rluat
0
subject to the dynamics reported in the aforesaid
system. Note that the designer parameters of
the aforesaid linear control component can be
computed by solving the forthcoming algebraic
Riccati equation

AiTPi + PlAl - EBiRi_lBiTPi + Qi =0
and

ki = _RiTBiF;

where P and Q, are symmetric and positive
definite matrices. This control component will
steer the error states to zero asymptotically.

3.3 Design of u,

The design of the current distributed control
laws, for networked electro-mechanical systems,
is analogous to that of [13]. The time derivative

of the integral manifold along the overall error
dynamic equation (6) becomes

6=AY +(L+B)f(x)
+((Z+§)g(x)—i)u

~1fy(t, X)+u, +u, +(L+B)A+Z  (12)
Choosing
Z=-u,~AY (13)

One may have
=(L+B)f(x)+((Z+B)g(x)-1)u,
+(L+B)g(x)u,—1/,(t, x)+(L+B)A

Now, the expression of u, can be chosen s follows

~((£+B)g(x))

x((Z+§)f(x)+((Z+E)g(x)—i)ua
+Ksign(o)

-1

where K is a vector of the gains K, of
the discontinuous terms of wu, which are
requird to enforce the sliding mode and

sign(o) =[sign (o, ) sign(o, )...sign(o, )] The
control signal of the 1" node can be expressed via
the subsequent mathematical formula

(S oo £ aon ot

+K sign (0'1.)
3.4 Stability analysis

The stability analysis of the closed loop
dynamics of the networked agent is carried out
by considering a suitable Lyapunov function

V =—0" whose time derivative along the
dynamics of (12) becomes

V=o(AY +(L+B)f(x)

+((Z+E)g(x)—T)u—Tf0(t, X)
+u, +u, +(L+B)A+Z)
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Making use of the -dynamic equation, reported in
(13), one has

v =G(Z+§)f(x)+((l_,+E)g(x)—T)ua
(14)
+(Z+E)g(x)ub —Tfo(t, x)+(Z+E)A)

Now, substituting the value of the control input,
one gets

V= G(([+E)A—Ksign(0')—Tf0(t, x)) (15)

or
V<-nlr (16)
if one has

min(K,))>||(L+B)A[|+|Tf4@ 0| a7)

This confirms the enforcement of the sliding
mode along the defined integral manifold from

the initial time instanti.e. o =0 at £ =0 and all

future times? >0 .

Remark 1. In general, the practical systems
are equipped only with position measurement
Therefore, the velocities, required in
the proposed strategy, can be estimated via the
velocity observer [6].

S€nsor.

4. Illustrative example

In this section, the design algorithm presented
for the consensus control of the networks of
nodes/agents in the presence of disturbances,
is simulated for four followers and one
leader. Both the leader and the followers
are represented by second-order dynamic
equations. The control objective is that the
followers should track the leader in the
presence of matched perturbations.

4.1 Dynamic models of the leader and followers

The dynamics of the leader is described by the
following state space equations
Xo1 = Xo2

(18)

Xoz = fo(X01,X02,t)

sin (xo1)
1+exp (—t)
to the leader’s system. Meanwhile, the followers’
dynamics is represented by the following systems

where f(xg1, Xg2,t) = — is the input

Xl'l = X‘iz, i = 1,2,3,4

Xz = filx) + 9i(e)u; + Ai(x;, 0)

where X; = [x;1, xiZ]T is the state vector of the
it" follower. The term A;(x;,t) = 0.5sin(t)
describes the matched uncertainties in the
filxp) = —%Sin(xu) and gi(xi)=#. The terms
are system distribution and input channel
functions such that m, / and g represents the
mass, length and gravitational acceleration of a
pendulum. The topology of these multi-agents
is represented by a directed graph in Figure 1.
u;, i = 1,2,3,4 are the controlled inputs to their
respective systems. The adjacency, Laplacian and
the interconnection relationship matrices, while
keeping in view the directed graph in Figure 1,
are described as follows

01 1 1
- o 0o 1 0
A_0100

0 00 O
D = diag[3110]

The matrix is calculated via Z=D — 4.
3 -1 -1 -1

- 1o 1 -1 o0
L‘o -1 1 0

0 0 0 O
and

B = diag[0011]
4.2 Controller design

The proposed design methodology is employed,
in this section, to achieve the aforementioned task.
The sliding variables are defined as follows

4
€ :Zaij (X, _le) +b, (x; —Xy,)
=

4
€ :Zaij (x, — sz) +b, (x; —x,)
=

The integral manifold for the overall system may
be written as

a=AZl+(zz+Z)
where A =diag[\,},,...,A,]e R** and

Z e R, The A, i=1,2,3,4 are the
performance parameters of the control component
which drive the system from initial time instant.
The final expressions of the controllers can be
computed according to the aforesaid study.
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4.3 Simulation Results

The aforementioned network of multi-agent system
is simulated while considering the controlled input
designed according to the outlined strategy. The
performance and robustness evaluation of this
newly proposed controller is carried out in the
presence of control input disturbances. In Figure
2, the consensus tracking of the given network
with the defined topology is displayed which
shows the robust performance, from the very
beginning, in the presence of disturbances. The
corresponding error convergence of the followers
is shown in Figure 3 which, once again, confirms
the robust performance of the proposed controller.
Furthermore, the integral manifolds’ convergence
is witnessed by Figure 4 and, consequently,
authenticates the reaching phase elimination and
robustness enhancement. The control inputs to
each node are depicted in Figure 5. It is apparent
from the results that the applied input is actuating
the system with suppressed chatter. Hence,
having looked at these results, one can conclude
that integral sliding mode approach is a suitable
candidate for the consensus control of a multi-
agent systems with input disturbances.

Figure 1. Topology of the network of four followers
and a leader
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Figure 2. Position tracking of the leader by four
followers
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Figure 3. Errors’ convergence of the four followers

Integral Manifolds Convergence

5 10 15 20 25 30
Time (seconds)

Figure 4. Integral manifolds of the four followers

P =
Co e e S

o g 10 15 20 25 30

Figure S. Control inputs for the consensus tracking
control

5. Conclusions

This paper presented the consensus tracking
control of multi-agent system described by a class
of second-order uncertain nonlinear systems. The
design relies upon a transformed system of errors’
dynamics with control input uncertainties. An
integral manifold based strategy is proposed for
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the aforesaid system. This strategy, as far as its
definition is concerned, ensures the sliding mode
from the very beginning which, consequently,
results in enhanced robustness against input
disturbances. The error dynamics regulation is
confirmed via the LQR-based designed control
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