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Abstract: This paper presents an adaptive and robust control scheme, which is based on Sliding Mode Control (SMC)
accompanied by Proportional Derivative (PD) control terms for trajectory tracking of nonlinear robotic manipulators in
the presence of system uncertainties and external disturbances. Two important features make the proposed control method
more suitable for tracking control of robotic manipulators in comparison with SMC. One of these features is the model
free nature of proposed control, which implies avoiding the need to determine dynamic model of the controlled system. As
a second feature, control and adaption technique used in the proposed method cancels the need for determining the upper
bounds of uncertainties. It should be emphasized that SMC requires the dynamic model of the system and prior knowledge
of upper bound of uncertainties. Lyapunov theory is used to prove stability of proposed method and a four link SCARA
robot is selected for demonstrating efficacy of the proposed method via simulation tests. Simulation tests are utilized to
compare the proposed method with conventional SMC in terms of tracking control performance and cumulative error.
Results have revealed significant improvement in both aspects.
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1. Introduction

successfully in different applications, and
many researchers use FLC and ANN to tune
PID parameters online [3, 6, 21]. Providing a
robustperformance, SMC strategy is also
focused by many researchers [1, 4, 7, 9, 10, 12-
15, 17, 19, 23, 25]. Despite its simplicity and
easy application, SMC has its own downsides
such as chattering, which can damage the
controlled system and the need for prior
knowledge of system dynamics. Chattering can

Robotic manipulator control is among the most
common yet complicated nonlinear and
advanced control benchmark problems due to
its nonlinearities, strong coupling among joints,
and complex dynamics. Moreover, model
uncertainties and external disturbances increase
the difficulty to get good trajectory tracking
performance for any control strategy applied on
a robotic manipulator [12]. Proportional
Integral Derivative (PID) controllers are widely

used with linear and nonlinear systems for their
structural simplicity, ease of parameter tuning,
and availability of model free design
procedures. In industrial applications of robotic
manipulator systems, it is common practice to
keep PID parameters constant, which limits the
capacity of the controller to cover parameter
variations, disturbances, and similar adverse
influences [8, 16, 18]. For an improved
performance, control systems that tune control
parameters using a self-tuning PID strategy
and control configurations that combine PID
with a feed forward controller or a friction
compensation controller are available [2, 20].
In recent years, soft computing strategies like
Artificial Neural Networks (ANN) and
Fuzzy Logic Control (FLC) are implemented

be reduced by using saturation function instead
of signum function or by employing a low pass
filter in practice [2, 20]. In addition, SMC is
sensitive to parameter variations when the
system state is in reaching mode because
tracking error cannot be controlled directly
[26]. In particular applications precise dynamic
model of nonlinear systems like robotic
manipulators is not available. Therefore,
implementing SMC is a difficult task in many
practical applications. Ability of fuzzy logic for
controlling ill-defined systems and
approximating nonlinear functions have
motivated authors to use it by estimating
parameters of the dynamic model of the
controlled system. It should be noted that these
schemes increase complexity of the SMC.
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Combining Proportional Derivative (PD)
controller with SMC is presented in the article
by Lee at al. [11]. In this hybrid method, PD
control is active in reaching phase while in
sliding phase SMC is active. Also Ouyang
proposed a method based on PID controller and
SMC for linear robotic systems [15]. In
methods mentioned above, selecting the
controller parameters evokes the necessity to
determine the dynamic model of robotic
manipulator system or upper bound of
uncertainties, which in some cases is hard to
achieve.

This paper combines the concepts of adaptive
control, PD control, and robust control. An
adaptive PD-SMC control for the robotic
manipulator is presented with high robustness
against system uncertainties and disturbances.
PD control is proposed to replace equivalent
control of SMC, which depends upon a
dynamic model of the manipulator while PD is
based only on the tracking error and its
derivative. With this property, the proposed
control scheme does not raise the need to have
a dynamic model of manipulator, which makes
it model free. Moreover there is no need to
have prior knowledge of the upper bound
of uncertainty.

2. Robotic Manipulator Dynamics

Structure of an n-link rigid robotic manipulator
is given in Figure 1. Based on Euler-Lagrange
equations the dynamics of robotic manipulator
can be expressed as follows [24, 25]:

M(@)§ + C(q,9)q + F(@) + G(q@) +tg = (1)

M(q) = My(q) + AM(q) 2)
C(q,9) = Co(q,q) + AC(q,9) 3)
F(q) = Fo(q) + AF(q) 4)

where q,9,4 € R™ represent the position,
velocity and acceleration, respectively, M(q) €
R™™ s the inertia matrix, C(qg,q) € R™"
denotes the centrifugal-Coriolis matrix, F(q) €
R™ stands for the friction torque vector, G(q) €
R™ represents the gravity term, T4 € R"
represents the external disturbance vector, and
T € R" represents the input torque vector.
M,(q), Co(q,q), and F,(q) are associated with
the nominal model of the robotic manipulator
and AM(q), AC(q,q), and AF(q) represent the
uncertainty in the dynamic model of the robotic
manipulator. The important properties of

robotic manipulator dynamics used in this
paper are given below.

Property 1: Matrix M(q) — 2C(q,q) is skew
matrix such that:

XT(M() - 2C(q,§))X = 0,YXER"  (5)

where M(q) refers to the time derivative of the
inertia matrix.

Linkn

Joint n O
1
1
1
]
1
Joint 3

Link 2

Joint 2

Joint 1

Figure 1. Schematic diagram of an n-link rigid
robotic manipulator.

Property 2: The matrices M(q), C(q,q), F(q)
and G(q) are bounded by the following lower
and/or upper limits:

M~ < |IM@Ill < M* (6)
0 < Cpllali® < lIC(q, @all < Cullall> (D)
IG(@DIl < Gy ®)
IF@Il < Fi + Fl4]l ©)

where M~, M*, C,,, Cy, Gy, F;, and F, are
positive constants.

Property 3: Assume that the desired trajectory
of joint angles is given by the vector qq4 € R™.
The external disturbance t4, desired joint
angles qq4, and desired joint velocities §q are
bounded as follows:

lItall < 7y (10)
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llgall < Ay (an
19all < Vu (12)

where Ty, Ay and V), are positive constants.

3. SMC for Robotic Manipulator

In robotic manipulator control design, the
tracking error e(t) € R is the deviation between
the desired trajectory vector and the actual
trajectory vector. The sliding surface is selected
as follows:

SO =vye(® +e(®) (13)

with y € R™" being a positive diagonal matrix.
The SMC control law consists of equivalent
control term and robust term. The equivalent
control term is responsible for the performance
with nominal model of controlled system and it
is determined by making derivative of sliding
surface equal to zero. The derivative of the
sliding surface is

S =ye(® + &) (14)
€ =4da—4q (15)
4 =M""@[-C(qa)q—F(@ —G(q) —tq +
T] (16)
Define a nominal reference q:

dr = 9a +v(qa — 9) 17)

By simple calculations one can be obtain the
following:

S®=4,—19 (18)
SO =dr—4q (19)
The dynamic model of the robotic manipulator

is linearly parameterized and can be expressed
in terms of a nominal reference, ¢, [17].

YB = M(a)dr + N(q,9)a, + G(q) + H(@) (20)
where Y =Y(q,4,9r.q,) € R™*P  is the
dynamic regression matrix that contains a
known nonlinear function, f € RP is a vector
that contains unknown constant parameters. Let
us consider that:

p(t) =YB 21
The control term which is called equivalent
control in SMC is determined by setting

S =0 (22)

without any uncertainties and only nominal
dynamic is used as follows:

Ueq = M, (q)[dq + ve®)]

+[Co(q, ) + Fo(@) + Go(q)] 23)

In (21) only nominal model of robotic
manipulator is used without external
disturbance and without system uncertainties.
Therefore, SMC method adds robust term to
compensate for the uncertainties of the
controlled system and external disturbance.
Then the SMC control law can be expressed as:

U = Ugq + Us (24)

where ugq is equivalent control that makes the
sliding surface derivative zero for staying on
the sliding surface and ug is corrective control
that is for compensation of deviations from it.
The robust term, which is also called hitting
control or reaching control, is determined based
on Lyapunov stability theory as given in
following equation:

us = ksign (s) (25)

where k = f(q, g, M(q), C(q, ), F(&), G(Q))
and sign(.) is sign function. This leads to the
fact that determining a suitable value for k is a
difficult task since it requires having the
nominal part and uncertainty part of the robotic
manipulator dynamics and it is required to be
greater than the upper bound of the uncertainty.

4. PD with SMC

In order to provide a solution to the problem of
lack of accuracy in dynamic model of the
system to be controlled in SMC design, a
robust model free control law [14] is used
as follows:

T=kype+ kqe(t) + k sat(S, 0) (26)

_( sign(S) if [S|> @
s“t(s'm_{sm ifS| < @

where k, € R™" and k; € R™™ are positive
diagonal proportional and derivative matrices
gains respectively, k is the gain of the robust
term, and @ represents the boundary layers that
are used in sat function, which is utilized
instead of sign function that causes chattering
due to its discontinuity. With this preference of
sign function instead of sat function, the states
remain at boundary layer neighborhood.

@7

As a result, switching control is used when the
state is outside of boundary layer and becomes
standard feedback control when inside
boundary layer. This helps in eliminating the
chattering phenomenon in corrective signal.
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Remark 1: By an inspection of the control law
in (26) in conjunction with the SMC control
law in (23-25), one can conclude that there is
no dynamic parameter in the control law, which
makes it model free.

Remark 2: The control law combines robustness
features of SMC and ability of PD control in
tracking with fast response, which is verified by
simulation results in subsequent section.

Theorem 1: Consider the nonlinear robotic
manipulator model represented by the dynamic
system in (1) with the assumptions addressed in
(5-12). The system that is controlled using the
control law in (26) is globally stable and the
tracking error signal and its derivative both
converge to zero when the controller parameters
are selected to satisfy the following condition:

Proof: For the verification of stability, the
positive definite Lyapunov function candidate
given below is used.

V() = %STMS (28)
V(t) = STMS + %STMS (29)
= STMS + sTcs (30)
= STIM(§, — &) + C(4r — 9] (31)
= ST[Md, + Cq, — Mg — Cq] (32)
= ST[M§, + Cq, + G — 1] (33)
= ST[M§, + Cq, + G — kpe — kgé(t) —
k sat(S, Q))] (34)

= ST[p(t) — kpe — kqe(t) — k sat(S,B)] (35)
If parameters k,, and k selected as follows

ka tky=y (36)
then (30) becomes

V(t) = ST[p(t) — k4S — k sat(S, 0)] (37)
= —STky4S + ST[p(t) — ksat(S, ®)] (38)
< =STkaS = lIKINISI + Mo @IS (39)

If k selected large enough greater than p(t),
then

V() = —STk,S (40)
which implies that:
Vi) <0 (41)

Since the function V(t) is a positive definite
function and its derivative is negative, the
controlled system in (1) with the control law in

(26) is asymptotically stable with tracking error
signal and its derivative converging to zero.

Remark 3: In the control law in (26), there is a
big drawback because approving stability of
this method requires selecting controller
parameter k to be larger than p(t) and
magnitude of p(t) depends on mechanical
properties of robotic manipulator such as joint
angles, velocities, and upper bound of
uncertainty. In general, determining the upper
bound of uncertainty is difficult.

Remark 4: The problem of the necessity
of determining the upper bound of uncertainty
can be solved using the adaption technique
discussed in Theorem 2 to adapt the controller
parameters k.

5. Proposed Control Design

Theorem 2: For the robotic manipulator system
in (1) with the control law expressed by (24),
the closed-loop system is guaranteed to be
globally stable if the following proposed
adaptive control law is used:

T=kpet+kqe()+p (42)

where p € RI*" represents estimation for p(t)

that defined in (21). p € RY*" is the estimation
error which can be determined as follows:

p(t) = p(t) —p(t) (43)
The adaptation law is given by:

p=-LIs (44)
where L € R™™ is the diagonal matrix

adaptation rate. Then p(t) can be updated
based on the following:

p©) = [, A®)dt +p(t — 1) (43)

Proof: The Lyapunov function candidate V(t)
is used for the verification of stability. This
function is composed of n terms that are known
to be all positive definite as given in (27). Each
of these components of the Lyapunov function
candidates is given by:

V(D) = % [STMS + pTL~15] (46)
V(©) = STMS + %STMS + 5L 5 (47)
=STMS +STcS + pTL™p (48)

= STM(Gr — §) + C(dr — ] + 5TL75 (49)
= ST[Mg, + Cd, — Mg — Ca] + 5TL75  (50)
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= ST[M§, + Cq, + G — 1] (51)

= ST[M§, + Cq, + G — kpe — kqe(t) — p| +

P (52)
= ST[p(t) —kpe —kqe( — ,6]
+pTL'p (53)

If parameters k, and k; selected based on
condition in (36) then,

V() = ST[p(t) — kqS — p(t)s]

+p'L7p (54)
—STkqS + ST [p(t) = PO +p L7 5 (55)
—STk S+ ST[p] +p"L7p (56)

< —STk,S+ST[p] + 57115 (57)
< —STkyS+[ST+ 5L p (58)

If changing rate of the control parameter is
selected as given in (59):

6. Simulation Results

This section demonstrates the effectiveness of
proposed control method via simulation tests
using a 4DOF SCARA robot manipulator with
the schematic diagram in Figure 2 and the
dynamic model represented by (61-66) [22]

P, =Yt L+ mx? +my(x2 +a?)

+(my +my)(ad +ad) (©2
P, = 2[ a;x,m; + aja;(mz + my)] (63)
Py =Y, I + mpxg + aj(ms +my)  (64)
P, =m3+m, (65)
P =1, (66)

where q4, q,,q3 and q, are angular positions,
71, To, T3 and 74 are torques, a, and a, are
lengths, m;, m,, mz and m, are masses, I, I,
I5 and I, are moments of inertia, v, v, V3 and
v, are coefficients of viscous friction, and hq,

p=-LTS (59) h,, h; and h, are coefficients of dynamic
V() = -STk;S<0 (60) friction of the three links, respectively.
7 Py +Pyc; Py + Py G1 —P,5,G; —0.5P,s,4, 0 0][41
T2 _ |P3 + 0.5P¢; P3 qu + [0-5P28241 0 0 o0fld
T3 0 0 ds o 0 0 0f|4s
Tq —Ps —Ps 0 Ps 114, 0 0 0llg3
v1qy hi1sgn(q,) (61)
+ V242 hzsgn(qz)
V343 h3sgn(q3)‘ l ]
Vaqal  Lhusgn(da)

Then the proposed adaptation law for tuning
the proposed controller guarantees asymptotic
stability of the robotic manipulator in (1) with
tracking error signal and its derivative
converging to zero.

Table 1 summarizes the requirements of SMC,
PD with SMC and proposed method. It is
evident from this table that the proposed
method does not urge the need for any a priori
knowledge of plant dynamics or uncertainty
bounds, which makes it more suitable for
control of complicated dynamical mechanisms
including robotic manipulators

Table 1. Requirements of control methods

Exact Upper bound of
Method dynamic model uncertainty
SMC Yes Yes
PD with SMC No Yes
Proposed
Method No o
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The parameters of the robotic manipulator are
selected for the simulation tests as given in
Table 2 [22].

Table 2. Manipulator Parameters

parameter value
my 15 kg
m, 12 kg
ms 3 kg
my 3 kg
I 0.02087 kg.m?
I, 0.087 kg.m?
I3 0.05 kg.m?
I, 0.02 kg.m?
a, 0.5m
a, 0.4 m
X1 0.25m
X2 0.2m
Vq, Vg, V3, Uy 5 Nm.s
hi, hy, ha, hy 10 Nm
' I
I Link 2,

Figure 2. Schematic diagram of the 4DOF

SCARA robot.

The desired joint trajectories in this simulation
are selected to be sinusoidal variations versus

time as qq(t) = [q41 9a2 qaz qaal”. where

qa1 = —0.2 + 0.1 sin(¢t) 67)
qaz = 0.3+ 0.1cos(t) (68)
qaz = —0.3 4+ 0.1 cos(t) (69)
qas = 0.1+ 0.1 cos(t) (70)

As a demonstration of the efficacy and
performance of proposed scheme, it is tested
via simulation comparatively with conventional
SMC. Integral Absolute Error (IAE) type

of error criterion in (71) is used to assess the
effectiveness of control schemes in terms of
cumulative error.

I4E = [Tle(vldt (71)

In design of controller parameters, first the
positive definite matrix y is selected, and then
according to condition in (36) the values of
control gains in matrices k, and kg are
determined. As a result, the parameters take the
values of y = 54, k, = 30014, and k; = 601,.
@ = 0.021,. Finally the controller parameter
vector p is updated according to (45) with
initial value p(0) = [0.01.010.06 0.02]7
where adaption rate matrix is L = 1001,.

The effectiveness and robustness of the
proposed control method are investigated under
model uncertainties and compared with the
SMC as shown in Figures 3-7.

0.3 T T T
0.2 ideal position ||
b = === SMC
= 0.1 __‘ r1in Proposed
© -]
= o]
o R
(o] -
= 0.1F%
w v
2 %
o -0.2 \
.0.3 P e,
-0.4
0 1 2 3 4 5 6
0.2 T T
SMC
0.1 H
v Proposed
orz
B 01
=7
2 0.2
()
-0.3
-0.4
-0.5
1 2 3 4 5 6
100 ~tla I I
= s SMC
op—=: v Proposed |
£ -100 f—-
=3
© -200
=]
=
2 -300
-400
-500
0 1 2 3 4 5 6
time(s)

Figure 3. Angular position (a), tracking error (b),
and input torque (c) of Link 1 versus time in
response to model uncertainty
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-200
C
-300 )
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Figure 4. Angular position (a), tracking error (b),
and input torque (c) of Link 2 versus time in
response to model uncertainty

The model uncertainties include variations of
manipulator parameters namely mass, constant
friction, and dynamic friction of Linkl, Link2
and Link3. In this simulation the parameters are
changed as much as 15% of their nominal
values. From Figures 3, 4, 5 and 6 it is
observed that the proposed control method has
satisfactory  tracking performance  with
significantly reduced position tracking errors
with respect to standard SMC. Moreover, these
graphs in figures are clear indications of faster
response of the method being proposed. The
control input torque signals versus simulation
time for Linkl, Link2, Link3 and Link4 are
shown in associated Figures 3-c, 4-c, 5-c and 6-
¢, respectively.

Results that are graphically presented in these
figures indicate that the control efforts of
proposed control method and those of standard
SMC are approximately equal for all three links
with the exception of a temporary transient

duration at the beginning of simulation. Table 3
and Figure 7 present the [AE values for
proposed control scheme and conventional
SMC.

Proposed method reduces the cumulative error
to approximately 30% of that of the standard
SMC. These values of the IAE index are clear
indications of superiority of proposed control
scheme in reducing cumulative tracking error
in addition to significant reduction in the
control effort.

H H H
0.2 ideal position
:‘ ¢ - - - SMC
N T
§ 025 ¢ Proposed
= = /,
S )
S -03f
3 ] \ /
o
Q.
-0.35 ¥
oal ) _/
0 1 2 3 4 5 6
0.15 T T
110 Proposed
0.1
=) n
g -
T 0.05(
EA
o P
NE
-0.05
0 1 2 3 4 5 6
150 T T
100 11 Proposed [
£
Zz S0
(]
S
5 F
:
50
E
d C)
-100
0 1 2 3 4 5 6
time(s)

Figure 5. Angular position (a), tracking error (b),
and input torque (c¢) of Link 3 versus time in
response to model uncertainty

Table 3 Performance index /4AE values

Proposed SMC
Linkl 0.0122 0.0142
Link2 0.0176 0.0197
Link3 0.0031 0.0052
Link4 0.0017 0.0030
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Figure 6. Angular position (a), tracking error (b),
and input torque (c) of Link 4 versus time in
response to model uncertainty

0.025

0.02
M Link1

0.015
M Link2

0.01
Link3
0.005 M Link4

0 - H

Proposed SMC

Figure 7. [AE variations for model uncertainties

7. Conclusion

In this study an adaptive PD-SMC scheme for
robotic manipulators is proposed where
controller parameter design is based on
Lyapunov method. Unlike conventional SMC
that requires having the dynamic model of the
manipulator or other methods that are based on
prior knowledge of upper bound of
uncertainties, the proposed method is totally
model free. The stability of the general robotic
manipulator system with proposed control
scheme is proved and its performance is
revealed by simulation tests on a 4DOF
SCARA robotic manipulator. Test results are
presented in graphical form and in terms of the
IAE performance index. Results reveal
significantly =~ better = nonlinear  robotic
manipulator tracking performance by proposed
method as well as reduced cumulative error
represented by IAE over standard SMC.
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