
1. Introduction

Induction  heating is  a very complex process
that  involves multi-physics  couplings such as
electromagnetic,  thermal  and  mechanical.  Its
application permits to  heat a  ferromagnetic
work piece with better heat distribution, more
accuracy and low power consumption [1]-[2].

Recently, a full  bridge series-parallel resonant
inverter with AVC control strategies is the most
widely used topology due to its high reliability.
This  structure  can  deliver  three  level  output
voltage from DC input voltage [3]-[8]. 

Induction  heating  systems  are  known  as
complex non linear multivariable problems in
which a time-varying structure and parameters
variation  during  the  heating  phase  entail  an
additional  difficulty for  modeling and control
purposes [9]. Generally, Extending Describing
Function methods are used to establish a small
signal  model  of  the  overall  system from any
desired input to any desired output [9]-[13].

In control practice, the closed control diagram
of  induction  heating  system  consists  of  two
control  loops:  power  control  loop  and
frequency control loop (PLL) [9]-[11].  A PID
controller  with  parallel  structure  is  the  most
popular algorithm used in power control  loop
[14]-[15]. The conventional PLL with a phase
comparator, a low pass filter and linear voltage
controlled  oscillator  (VCO)  is  the  most  used
[16]. Performance of these control loops with

constant gain of PID and PLL diminishes under
disturbance  and  load  variations.  This problem
can be solved by using adaptive control techniques.

Compared  with  other  papers  [17]-[20],  the
basic  idea of  this  work  is to  propose  a  new
power control  scheme  based on two adaptive
control loops. In the frequency control loop, an
adaptive PI controller is introduced between the
phase detector and the VCO. This controller is
used to adjust the DC input voltage of the VCO
for  tracking  the  resonant  frequency  of  the
system in order to maintain the ZVS operation
during the heating process. In the power control
loop, an adaptive PID controller with a parallel
structure is used to adjust the shifted angle of
the switches to control the output power of the
inverter.  The  required  performances  of  two
control  loops  are  expressed  by two reference
models.  An  adaptive  mechanism  based  on
MRAC  and  MIT  rule  [21]-[28]  is  used  to
redesigns the gains parameters of PI and PID
controllers in accordance to the change in the
induction heating system and the rectifier.

This paper is organized as follows: the resonant
inverter  configuration  and  the  complete  closed
loop diagram of the proposed control are given in
Section 2 and 3, respectively. A Generalized small
signal model of the overall system is developed in
Section  4.  The adaptive power  control  scheme
controller design is introduced in Section 5. Some
simulation results are given in Section 6. Finally,
Section 7 concludes this paper.
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2. LLC Resonant Inverter

This Section describes the simplified topology
of  the  proposed  H-bridge  inverter  with  LLC
resonant tank. This configuration includes a DC
power supply V i  and four MOSFET switches
T1~T4 with  external  freewheeling  diodes
D1~D4. The oscillating circuit given in Figure 1
[3] is composed of a series inductor Ls  with a
parallel  resonant  capacitor  C .  The  induction
heating load (copper coil  and workpiece) can
be modeled by means of a series combination
of its equivalent resistance  R  and equivalent
inductance  L  transferred to the primary side
of the matching transformer [9], [30].

Figure 1. LLC resonant inverter

The converter  is  operated at  frequency above
the natural one for the LLC load given by [3]: 

ω0=√ L+ L
s

L .C . Ls
(1)

According to the switch on-off conditions [4]
the  typical  waveform  of  the  applied  voltage
u
ab
(t)  is given in Figure 2:

Figure 2. Typical waveforms of the applied voltage

The condition for ZVS operation in all devices
of  the  full-bridge  series-parallel  resonant
inverter is [4]:

∆φ=φ−∅>0 (2)

When  the  temperature  of  the  workpiece
increases during the heating phase, the natural
frequency of the system varies. The PLL circuit
tracks  the  natural  frequency  of  the  load  to

maintain  the  ZVS  operation.  The  controller
adjusts the shifted angle α  to reduce the output
power [3]-[4].

To control the heating process of the workpiece
from  30°C  to  625°C ,  the  switching
frequency,  f s ,  and  the  angle,  α ,  must  be
varied  between  [108.7 kHz ,110 kHz ]  and
[36 ° ,144° ] ,  respectively [3]. 

Figure 3 shows the measured output power P
as function of the shifted angle α :
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Figure 3. Measured output power versus α

When the shifted angle is increased from 36°
to 144° , the measured output power decrease
from 205.8w  to 71.26w . This means that α
can be varied to adjust the output power of the
H-bridge resonant inverter.

Figure 4 depicts  the measured  total  harmonic
distortion THD  of the applied voltage uab(t)

and the input current is (t )  as a function of the
shifted angle α :
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Figure 4. Measured THD  versus α

When the shifted angle is increased from 36°
to  144° ,  the  measured  THD  of   uab(t)
increases  from   42.23  to  83.42  and the
measured THD of is (t )  decreases from 12.05
to 6 .  
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Notice that the THD of the current waveform is
significantly reduced compared  to  that  of  the
applied  voltage.  This harmonic content  has
been filtered by the load inductance.

3. Proposed Adaptive Control

The  basic  scheme  of  the  proposed  adaptive
closed  loop control  is  given  in  figure 5.  The
scheme can be divided into two loops: power
control loop and frequency control loop. In the
first loop, the PID controller is used to adjust
the duty cycle  D  of the switch T4 in order to
maintain constant the output power even if the
parameters  are  varied.  The  PLL imposes  the
desired frequency ωs  to maintain ∆φ>0 .

A desired performance that the overall system is
required to  track  during  the  heating  process  is
expressed  in  terms  of  two  references  model
G
MR1 (s)  and  GMR2 (s)  excited by a reference

command input  P r  and ∆φr , respectively. The
choice  of  GMR1 (s)  and  GMR1 (s)  reflect  the
performance  specifications  in the control  tasks,
such as rise time, overshoot and settling time.

The adaptive mechanism based on MIT rules
receives the following signals ε p ,  εφ ,  ∆φ ,
P ,  e p  and  eφ  from the system  to adjusts

the  controller  parameters  of  PI  and  PID
structures on the basic of the tracking errors
e
p  and eφ , which are the difference between

unknown plants output and reference models
output. The main objective of this control is
to  synthesize  an  adaptive  mechanism which
will guarantee the stability of the system and
minimize  the  tracking  error  irrespective  of
load and line variations. 

4. Dynamic Model of the System

Recently, many published researches have been
focused on modelling and control  of  resonant

inverter  topologies  used  in  induction  heating
system [13]. The most used technique based on
the first  harmonic  approximation  of  the  state
variables  is  called  EDF  method  [11]. This
approach is used to develop a linear model of
the overall  system valid around the operating
point.  In  this  section,  we  present  briefly  the
EDF  method  used  to  establish  a  linear
mathematical  model  of  the  H-bridge  LLC
resonant  inverter  with  AVC  control  strategy.
First,  we  give  the  differential  nonlinear
equations  that  describe  the  circuit  given  in
Figure 1:

{
i̇
s
(t)=−1

L
s
.C

. i
s
(t )+1

L
s
.C

. i (t)−1
L
s

. u̇
ab
(t )

i̇ (t)=1
L .C

. i
s
( t )−1

L .C
. i ( t )−R

L
. i̇ ( t )

v̇
c
( t )=1

C
. i
s
(t )−1

C
. i ( t )

(3)

The state vector is chosen as:

x (t )=[is ( t ) vc (t ) i(t )]t (4)

The  input  variable  u (t )  and  the  output
variable y(t )  are given as:

u ( t )=uab (t ) (5)

y ( t )=
1
2

.R . i
2 ( t )(6) (6)

The  nonlinear  model  of  (3)  is  used  by
decomposing the state variables vector into d
and q  waveforms:

{ ⟨ is ⟩1=isd+ j . isq
⟨ vc ⟩1=vcd+ j . vcq

⟨ i ⟩1=id+ j . iq

(7)

The  first  harmonic  of  the  applied  voltage
u
ab
(t)  is calculated as:

⟨uab ⟩1=
V i

π
. [sin (π−α ) ]+ j

V i

π
. [3−cos(π−α)] (8)
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Figure 5. Proposed adaptive power control scheme



The  first  harmonic  approximation  of  is (t ) ,
v
c
(t )  and  i(t )  are acceptable when  Q≫ 1

and ωs
≈ω0 .

The  large  signal  model  of  the  system  is
developed  by  replacing  (7)-(8)  into  (3)  and
using  harmonic  balance  procedure  to
decompose  (3)  into  six  equations  [10]-[11].
Introducing perturbation in state variables:

{
isd (t )=I sd0+

~
isd (t)

isq ( t )=I sq0+
~
isq(t )

v cd (t )=V cd 0+~v cd (t)
v
cq

( t )=V
cq 0+~v

cq
(t )

id ( t )=I d 0+
~
id (t )

iq (t )= I q0+
~
iq(t )

(9)

where:

{
~
i
sd
(t )≪ I

sd 0
~
isq(t )≪ I sq0

~v
cd
(t )≪V

cd 0
~v
cq
(t )≪V

cq 0
~
i
d
(t )≪ I

d 0
~
i
q
(t )≪ I

q 0

Notice that the input variables  α  and  ωs  are
implicitly included in the output voltage uab(t) .
Introducing perturbation in input variables:

{ α ( t )=α0+
~α(t )

ω
s
(t )=ω

s0+~ωs
(t )

(10)

where:

{ ~α(t )≪α0

~ωs (t )≪ωs 0

By using the Taylor series, the state space small
signal  model  of  the  system  is  derived  by
perturbation  and  linearization  of  large  signal
model  around the operating point  ( α0 ,  ωs 0 ,
V
i 0 , I sd 0 , I sq 0 , V cd 0 , V cq 0 , I d 0 , I q0 ):

{~́x (t )=A
s
.~x ( t )+B

s
.~u (t)

~y (t )=C
s
.~x(t)

(11)

where:

~x ( t )=[ ~
i sd

~
isq

~v cd~vcq
~
id

~
iq ]

t

~u (t )=[~α ~ω
s ]
t

~y (t )=~
P ( t )

A
s
=(

0 −ωs 0
−1
Ls

0 0 0

ωs 0 0 0 −1
Ls

0 0

1
C

0 0 −ω
s 0

−1
C

0

0 1
C

ω
s0 0 0 −1

C

0 0 1
L

0 −R
L

−ωs 0

0 0 0 1
L

ωs0
−R
L

)
B s=(

−V i 0

π . L
s

.cos ⁡(π−α
e
)

−V i 0

π . L
s

.sin ⁡(π−αe)

0
0
0
0

−X 1q 0

X 1d 0

−X 2q 0

X 2d 0

−X 3q 0

X 3d 0
)

C
s
=[0 0 0 0 R . I

d 0 R. I
q0 ]

The following small signal transfer function of
the output  power  variation due to  the shifted
angle change is obtained:

Gα (s )=
~
P1 (s)
~α( s)

=C s .(s . I−As)
−1 .Bα (12)

The  small  signal  transfer  function  from  the
input frequency to the output power is derived
as follow:

Gω (s )=
~
P1(s)
~ω
s
(s)

=C s .( s . I−As )
−1 .Bω (13)

To verify the above analysis and calculation of
G
α
(s)  and  Gω

( s) ,  a numerical simulation is
used  to  compare  the  predicted  magnitude
|Gα

(s)|  and |Gω
( s)|  with the measured ones.

The obtained results are given in Figures 6 and 7.

From  the  simulation  results,  the  agreement  is
quite good. It is confirmed that the obtained small
signal model transfer functions represents rather
accurately the real system around the operating
point.  This  is  justified by the capability of the
EDF  technique  to  derive  linear  accuracy  state
space models of the nonlinear system from any
desired input to any desired output. The resulting
linear model is used for synthesis of the adaptive
control law.
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5. Design of PI and PID Controllers

In  this  Section,  a  design  of  adaptive  power
control scheme using MRAC and MIT rule for
H  bridge  series-parallel  resonant  inverter  for
induction application is proposed. This scheme
is  composed  of  two control  loops:  frequency
control  loop  and  power  control  loop.  The
adaptive mechanism adjusts the parameters of
both controllers (PI and PID) in order to reach a
desired level of performances given by a two
proposed reference models. The design of the
two control loops are given separately:

5.1 Frequency control loop

Phase-locked  loops  are  widely  used  in
induction  heating  system to  track  the  natural
frequency  of  the  system  to  maintain  ZVS
operation during the heating phase.  It’s based
on  the  phase  difference  between  the  input
signal ∆~φ

r  and the measured one ∆~φ . Figure
8 shows a block diagram of the PLL integrated
with the H bridge resonant inverter.

The  phase  detector  compares  ∆~φ
r  and  ∆~φ

and generates an error signal ∆~φ
e  proportional

to the phase difference between the two inputs:

Figure 8. Bloc diagram of the proposed PLL

∆~φ
e
=K

p
. (∆~φ

r
−∆~φ) (14)

A low pass filter  GLPF (s )  is used to eliminate
high  frequency  component  of  the  resulting
signal  and  produces  a  low  frequency  error
signal ∆~φ

f . 

GLPF
(s )=

τ 1. s+1

τ2 . s
(15)

The filter parameters τ 1  and τ 2  are calculated
based on the operating frequency of the system.

The adaptive PI controller adjusts the DC input
voltage v0  of the VCO in order to generate the
desired  switching  frequency  to  the  inverter
minimizing the phase error between  ∆~φ

r  and
∆~φ . The input signal ~v 0  is expressed as:

~v 0 (s )=(K pf +
K if

s ).∆~φ f (16)

where,  K pf  and  K if  are  the  adjustable
parameters of the PI controller.

The VCO characteristic is a linear with slope
K
v  so  that  any  change  in  ~v 0  will  produce

VCO output frequency change ∆~ω
s . 

To improve the performances of the closed loop
system, the PI controller is designed by using
MIT  rule.  This  technique  requires  the
appropriate choice of  the  reference  model
G
MR2 (s) .  The adjustment  mechanism adjusts

the parameters of the PI controller minimizing
the tracking error ~e

φ between the system output
and the reference model with minimum time as
possible to maintain ZVS operation.  The cost
function for adaptation is given by:

J (θ1 )=
1
2

.~eφ
2 (θ1) (17)

where:

θ1={K pf , K if }  

~e
φ
=∆~φ

r
−∆~φ

d

According to the MIT rule, the change in the
parameter  θ1  is  kept  in  the  direction  of  the
negative gradient of j (θ 1) :
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d θ 1

dt
=−γ .

∂ J (θ1)

∂θ 1

=−γ .~eφ .
∂~e

φ
(θ1)

∂θ1

(18)

where 
∂~e

φ
(θ1)

∂θ1

 is the sensitivity derivative of

error with respect to  θ1 and γ  is known as the
adaptation gain.

To achieve  a  short  transient  time  with  little
overshoot,  the  reference  model  is  chosen  to
satisfy the following conditions:

- The overshoot is less the 20

- The rise time tr  is less then 140 μs

- The settling time t s  is less then 910 μs

The open loop transfer function of the PLL is
expressed as:

H (s )=
N f (s )

τ 2 . s3 (19)

where:

N
f
( s)=K

p
.K

v
.τ 1 .K

pf
. s2

+K p .K v .(τ 1. K if +K pf ). s
+K p .K v . K pf

Using (18) and the closed loop transfer function
of  the  PLL  the  adjustment  of  the  controller
parameters can be obtained as:

d K pf

dt
=

−γ pf .~eφ . N 1 f (s ) . [∆~φr−∆~φ ]
D

f
( s )

(20)

d K if

dt
=

−γ pf .~eφ.N 2 f (s ) . [∆~φr−∆~φ ]
D

f
( s )

(21)

where:

N 1 f ( s )=(K
p
.K

v
. τ1 . s2+K

p
.K

v
. s)

N 2 f ( s )=(K p .K v .τ 1. s+K p .Kv)

D
f

(s )=τ 2. s
3+K

p
.K

v
.τ 1 .K

pf
. s2

+K
p
.K

v
. (τ 1 .K

if
+K

pf ) . s
+K

p
.K

v
.K

pf

5.2 Power control loop

Figure 9 shows the small signal model of the
proposed  power  loop  system  for  H  bridge
LLC inverter. 

The adaptive PID controller is used to improve
the  performance  of  the  closed  loop  system
under disturbances.  Based on the error signal,
the proposed controller adjusts the shifted angle
~α  to  make  the  output  power  follow  the

reference value irrespective of load variations.
The controlled shifted angle is given by:

~α (s )=(K pp+
K
ip

s
+K dp . s .

1
T f . s+1 ).~ε p ( s ) (22)

where, K pp ,  K ip  and K dp  are the adjustable
parameters  of  the  PID  controller.  T f  is  the
filter time constant.

The design of the PID controller is based on the
small  signal  model  of  the  proposed  resonant
inverter about the nominal operating point.

The closed loop transfer function of the system
shown in Figure 9 is:
~
P ( s)
~
P r ( s)

=
N p (s ) .Gα (s )

D
p

( s )
(23)

where:

N
p

( s )=K
dp

. s2+K
pp

. s . (T f
. s+1)

+K
ip

. (T f
. s+1)

D
p

(s )=s . (T f
. s+1 )+ [Kdp

. s2

+K
pp

. s . (T f
. s+1 )

+K ip . (T f . s+1) ] .G α
( s )

The adaptive mechanism adjusts the controller
parameters  K pp ,  K ip  and  K dp  to achieve a
desired closed-loop performance given by the
reference model GMR1 (s) . 

The  mathematic  procedure  to  design  the  PID
controller is based on the minimization of the cost
function given by the following expression:

J (θ2 )=
1
2

.~eP
2 (θ 2) (24)

where:

θ2={K pp , K ip , K dp }  

~e
P
=~
P
r
−~
P
d

http://www.sic.ici.ro Studies in Informatics and Control, Vol. 24, No. 2, June 2015186

Figure 9. Small signal model of the
power control loop



It is reasonable to change θ2  in the direction of
the negative gradient of J (θ2 ) ⁡that is:

d θ 2

dt
=−γ .

∂ J (θ 2)

∂ θ2

=−γ .~eP .
∂~e

P
(θ2)

∂θ 2

(25)

∂~e
P
(θ 2)

∂ θ2

 is called the sensitivity derivative of

error ~e
P
(θ 2) .

The resulting adaptive law is given by:

d K
pp

dt
=

−γ
pp

.~e
P
.N 1 p (s ) . [~P r−~

P ]
D1 p ( s )

(26)

d K
ip

dt
=

−γ
ip

.~e
P
. N 2 p (s ) . [~Pr−~

P ]
D 1 p ( s )

(27)

d K
dp

dt
=

−γ
dp

.~e
P

.N 3 p (s ) . [~P r−~
P ]

D1 p (s )
(28)

where:

N 1 p (s )=s .(T f . s+1).Gα(s)

N 2 p (s )=(T f
. s+1 ) .Gα

(s )

N 3 p (s )=s2 .G
α

( s )

D1 p (s )=s .(T f . s+1)

+[K dp
. s2+K

pp
. s . (T f

. s+1)
+K ip .(T f . s+1)] .G α (s)

The  reference  model  GMR1 (s)  is  selected  in
such a way to get the closed loop response with
rise time <60 μs , overshoot <10  and settling
time <180 μs .

6. Simulation Results

The H bridge resonant inverter in Figure 1 and
its  power  control  scheme  in  Figure  4  are
implemented  numerically  using
MATLAB/SIMULINK  where  the  numerical
values  of  the system parameters  are  given in
Appendix.  The aim of these simulations is  to
verify the performance of the proposed control
scheme designed in Section 5. 

The main objectives of this control are:

- To maintain constant the output power of the
inverter irrespective of load and line variations.

- Maintain  ∆φ>0 to  ensure  soft-switching
during the heating cycle.

- Ensure  controlled  heating  process  by
introducing PI and PID controllers. 

- Maintain  stability  and  precision  of the
closed loop system.

In this paper, a PLL is used to control the phase
difference  ∆φ  between  the  applied  voltage
and  the  output  current  to  maintain  ZVS
operation.  The  parameters  of  this  system are
designed according  to  the  resonant  frequency
of  the  system.  The  transient  time  and  the
frequency responses of the closed loop system
are  checked  to  verify  the  performance
specifications  after  the  control  design  of  the
PLL. The obtained simulation results are given
by the following Figures (10 and 11).
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Figure 10. Nyquist plot of the PLL
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Figure 11. Closed loop response of the PLL

From these figures, the phase margin is  133°
which indicates that the system is stable. It can
be  observed  that  the  proposed  PLL  has
achieved  a  good  tracking  of  reference  model
trajectories  and  maintained  ∆φ  constant
between the two signals.

To evaluate the performances of the proposed
adaptive PID controller, we compare firstly the
response  results  of  the  real  system  and  the
reference model for a sinus reference variation.
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Figures 12 and 13 show the comparison results
and the corresponding tracking error eP (t ) :
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Figure 12. Closed loop response of proposed power
control scheme
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Figure 13. Tracking error variation eP

These figures show the ability of the proposed
control  technique  to  force  the  system  output
power  to  track  the  reference  model.  This  is
justified  by:  the  appropriate  choice  of  the
adaptation  gains  γ pp ,  γ ip  and  γdp  are
responsible  to  improve  the  transient
performance  of  the output  power  in  terms  of
rise time, overshoot and settling time. 

In order to test the robustness of the proposed
control  power  scheme  to  load  and  line
variations, the load resistance R ⁡and the input
voltage⁡ V i ⁡ have been stepped in large range
during the simulation.  These variations  affect
the system at time, t=14ms  while the system
was  already  stabilized  to  the  desired  output
power. The changes in load resistance  R  and
input voltage  V i  were set to  30  and 20  of
its  nominal  values,  respectively. The resulting
tracking errors  eP  in both cases are given in
Figure 14 and 15, respectively.

The  disturbance  rejection  is  achieved  by
forcing the system to follow the output of the
reference model by modifying the input. In this

case,  the  control  parameters  converge  to  a
constant value and the tracking error  e(t )  is
tends to zero.
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Figure 14. Tracking error variation eP  under load
variation

13.9 14 14.1 14.2 14.3 14.4
-1.5

-1

-0.5

0

0.5

1

1.5

t [ms]

e
P
 [

w
]

Disturbance (20% of V
i
)

Figure 15. Tracking error variation eP  
under line variation

7. Conclusion

In  this  paper,  a  design  of  adaptive  power
control scheme using MRAC and MIT rule for
a full bridge series-parallel resonant inverter for
induction  heating  application  has  been
proposed. The linear mathematical model of the
system is  derived  using  Extended  Describing
Function  method.  Numerical  simulation
confirms the accuracy of the resulting model.
In  control  based  approach,  the  proposed
adaptive  mechanism can  adjust  the  controller
parameters in order to force the output power
of the plant to follow the desired performance
given  by  the  specified  reference  models
corresponding  to  changes  of  plant  and  line
disturbance.  The  main  advantage  of  this
approach  is  that  the  exact  shape  of  the
disturbance function does not need to be known
in advance.  From the simulation results,  it  is
shown that the adaptive mechanism needs the
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appropriate  choice  of  the  adaptation  gain  to
ensure better performance.

Appendix A. 

The operating point used in this study is given
in the Table 1[3]:

Table1. Operating point

R 2.5Ω

L 27.7 μH

C 94 n .F

L
s 144 μH

V
i 150 v

α
e 90°

ω
se 6.89.105

rad / s

I
sd 0=0.95A I

sq0=2.88 A

V
cd 0=−143.61v V

cq 0=142.29 v

I
d 0=−8.27A I

q0=−6.42A
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