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1. Introduction

The area of modeling and identification is a topic 
of continuous interest extended from complex 
systems to apparently very simple structures. The 
electric capacitors are examples of such structures. 
These devices are intended for the implementation 
of electrical capacities. But, practically, they are 
physical structures with distributed parameters, 
whose behavior in electric circuits is not purely 
capacitive. The capacitors show also resistive and 
inductive behavior, depending on the frequency. 
Over time, the capacitive character degrades, 
and the resistive-dissipative behavior increases. 
Hence, for reasons such as circuit sizing and 
maintenance, capacitors are associated with 
approximate electrical models with lumped 
parameters, called capacitor equivalent circuits. 
The topologies of the equivalent circuits 
associable to capacitors depend on the type of 
capacitors (e.g., Aluminium electrolytic capacitors 
(Al-Caps), metallized polypropylene film 
capacitors (MPPF-Caps) and multilayer ceramic 
capacitors (MLC-Caps)) and on the working 
regime to which they are subjected. Frequency 
characteristics of the parameters of simple series 
or parallel equivalent circuits can be determined 
experimentally, using precision measurement 
bridges or other equipment. The characteristics 
show important variations related to frequency, 
which means that the parameters are not constant 
during the transient regimes. Consequently, the 
“equivalent” attribute must be associated with 
both the capacitor type and its operating mode. 
In these circumstances, the selection of “the right 

model and the right electrical parameters” is an 
open research topic (Kareem & Hur, 2022).

Usually, for reasons of simplicity and long 
practice, the lumped-parameter series RC 
equivalent model of the capacitor is used. 
Recently, a PO aimed at obtaining the values 
of the equivalent parameter of the RC model 
for an electrolytic capacitor has been proposed 
and implemented in (Bărbulescu et al., 2022; 
Bărbulescu et al., 2023). The principle on which 
PO is based is new in the specialized literature The 
PO is a discrete time linear dynamic system of the 
second order. It approximates the time constants 
of the capacitor discharge circuit across a two-
stage variable resistance. The implementation 
was performed with a microcontroller using a 
sampling time h = 20 μs. The determination of 
the equivalent parameters of the capacitor was 
made during its discharge, in less than 25 ms. 
From a systemic point of view, PO approximates 
the time constant of a first-order system. Hence, 
it can be used for any physical system that is 
dynamically described by a mathematical model 
of the same type as that of the discharge circuit of 
the electrolytic capacitor. 

Another lumped-parameter equivalent model 
associated with a capacitor is the series RLC 
structure. The estimation of its parameters requires 
relatively sophisticated theoretical and practical 
procedures as observed in (Ren & Gong, 2018). 
In this context, researching the possibility to use 
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the PO for estimating the equivalent parameters of 
the RLC model is naturally a subject of interest.

The structure of this paper is organized as 
follows. Section 2 contains the problem statement 
and explains the importance of the problem 
investigated in this paper and the novelty of this 
research study. Further, in Section 3, two forms 
of the linking relationship obtained with either 
continuous or discrete time PO are deduced and, 
based on numerical examples, it is demonstrated 
how these relationships can be used to identify 
the primary parameters of the observed systems. 
The application of the method for the two models 
of physical systems represents the subject of 
Section 4. In the next section, Section 5, aspects 
related to the theoretical results of the paper and 
their practical application are outlined. The last 
section, Section 6, summarizes the contributions 
of this article.

2. Problem Statement

To carry out the above research, this paper extends 
the use of PO to second-order linear systems. The 
extension consists in determining, on the basis of 
the free response of the system, the value of a link 
parameter between the coefficients of the system 
and in establishing a corresponding linking 
relationship. This relationship can be further 
used to estimate the coefficients of the observed 
system or its primary parameters. The “primary” 
attribute refers to the physical parameters that 
appear in the expressions of the coefficients of 
the mathematical model. 

The main contribution of this article consists in 
proposing the mentioned extension and illustrating 
some possibilities of using it to determine the 
primary parameters of an electrolytic capacitor 
and a mechanical system. For the capacitor, the 
RLC equivalent series model was adopted.

3. Main Results

3.1 Methodology for Identifying and 
Using a Link Relationship Between 
the Coefficients of a Second-Order 
Continuous Time-Varying System 
Through POs

Consider the second-order unforced dynamic 
linear system (1), with the properties (2):

( ) ( ) ( ) ( ) ( )
( ) ( )

2 1 0,

0 0, 0 0,

a t y t a t y t y t

y y

⋅ + ⋅ + =

≥ <

 



         
(1)

( ) ( ) ( )0, 0, 0, 0.y t y t y t t> < > > 

         
(2)

The first order time variable systems (3) and (4) are 
associated to ( )y t  and to ( )y t−  , respectively.

( ) ( ) ( ) ( )1 0, 0 0,a t y t y t y∗ ⋅ + = >

              
(3)

( ) ( ) ( ) ( )2 0, 0 0.a t y t y t y∗ ⋅ − + − = − >        

       
(4)

Due to restrictions (2), the coefficients ( )1a t∗  and 
( )2a t∗  are defined for 0t > . Their measurement 

unit is time, same as for ( )1a t  in (3).

Proposition 1. The coefficients ( )1a t∗  and ( )2a t∗  
are related to the coefficients ( )1a t  and ( )2a t  by 
the linking equation:

( ) ( ) ( ) ( ) ( )2 1 2 1 2 0, 0.a t a t a t a t a t t∗ ∗ ∗− ⋅ + ⋅ = >   
(5)

Proof. By subtracting equation (1) from (3), term 
by term, one obtains:

( ) ( ) ( ) ( )
( ) ( )

*
2 1 1

0, 0 0.

a t y t a t a t

y t y

 ⋅ − + − ⋅    
− = − >  



 

              
(6)

As the system of equations (4) and (6) is consistent 
with an infinite number of solutions in relation to 
( )y t  and ( )y t , its determinant is 0. Equation (5) 

is obtained by developing this determinant. This 
result closes the proof.

This equation represents a link relationship 
between ( )1a t  and ( )2a t . In relation with these 
coefficients, ( )1a t∗  and ( )2a t∗  play the role of 
link parameters.

In order to estimate experimentally ( )1a t∗  
and ( )2a t∗  the PO presented in (Bărbulescu 
et al., 2022) can be used. Since the parameter 
observer can generate the estimate ˆ( )y t−   of 
the derivative ( )y t−  , besides ( )1a t∗ , a second 
PO can also be used to estimate ( )2a t∗ , as it can 
be seen in Figure 1. 

Figure 1. Block diagram of an estimation structure 
with two POs associated to system (1)
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The mathematical model of the structure displayed 
in Figure 1 is explained at the end of the paper, 
in Appendix A. As shown in Appendix A, the 
structure provides the estimates 1 ( )a t∗  and 2 ( )a t∗  
only for t ≥ t0, t0 this being the moment when the 
transients of POs end.

Using them, equation (5) can be approximated as 
in the link relationship from equation (7), where 
the validation function  ( )1 2,E a a∗ ∗  is given in (8).

 ( )1 2 0 ,, 0,E a a t t∗ ∗ = ≥
                                 

(7)

   ( )  ( )  ( )1 2 2 1 2 1 2( , ) .E a a a a a t a t a t∗ ∗ ∗ ∗ ∗= − + ⋅⋅        (8)

The relationship (8) can be used in various practical 
contexts. Following the proposed investigation is 
limited to the case of time-invariant systems when 
the coefficients in (1) are constant. In this case, the 
link relationship (7) takes the specific form:

  

2 1 2 1 2 00,a a a a a t t∗ ∗ ∗− =⋅ + ⋅ ≥ .                  (9)

Proposition 2. The link parameters 1 ( )a t∗  and 


2 ( )a t∗  in equation (9) are equal:  

1 2a a∗ ∗= .

Proof. The characteristic polynomial 
( ) 2

2 1 1r a r a rµ ⋅= + +  associated with equation 
(1) has, due to the conditions (2), two real negative 
roots r1 and r2: 1 2 0r r< < . Consequently, ( )y t  
has the form (10), with 1γ  and 2γ  depending on 
( )0y  and ( )0y , respectively.

( ) 1 2
1 2

r t r ty t e eγ γ= +⋅ ⋅ .                            (10)

By a simple calculation, the equality (11) can be 
deduced. Considering (3) and (4), (11) connects 
parameters in the form of (12):

( )
( )

( )
( ) 2

1limlim
x x

y t y t
y t y t r→∞→∞

= =


 

,
                       

(11)

1 2
2

1a a
r

∗ ∗= = − .
                                           

(12)

End of proof.

This result emphasises that it is sufficient to 
calculate only the link parameter ( )1a t∗ . Based 
on Proposition 2, equation (9) becomes:

2
2 1 1 1 00,a a a a t t∗ ∗− = ≥⋅ +                    (13)

Equation (13) excludes the use of 2PO a∗− , 1PO a∗−  
being enough. This ensures the approximation 

of 1a∗  by 1a∗  and r2 by 


1

1

a∗
− . Equation  can be 

replaced by equation (14):

 

2

2 1 1 1 00,a a a a t t∗ ∗− = ≥⋅ + .                     (14)

According to the last equation in (A1) of 
Appendix 1, one has:  1

1 1̂a c∗ −= − . Considering 
this, equation (14) becomes:

2
1 2 1 1 0ˆ ˆ 1 0,c a c a t t⋅ ⋅+ + = ≥ .

                     
(15)

As the simple PO structure displayed in Figure 2 
is sufficient, the last equation in (A1) of Appendix 
1 can be cut out.

According to (15) the linking relationship is 
fulfilled only after t0 seconds of applying the 
signal ( )y t , when the validation function ( )1̂F c  
from (16) is close to value 0.

( ) 2
1 1 2 1 1ˆ ˆ ˆ 1F c c a c a⋅= + +⋅ .

                       
(16)

Note that ( )1̂F c  is only a simplified version of 
 ( )1 2,E a a∗ ∗ , usable for time-invariant systems.

Figure 2. Block diagram of the single PO associated 
to system 

In practical applications, ( )1̂c t  is obtained with 
an observer either off line, by recording ( )y t ,  
or on line, in real-time, by measuring ( )y t . In 
both cases, a homologous discrete-time PO must 
be used instead of a continuous-time PO. In the 
quasi-continuity hypothesis (Cao & McCluskey, 
2021) the discrete-time PO can be obtained from 
continuous-time PO (A3) of Appendix 1 by 
replacing both the integration operations using 
Euler method and the derivation operation using 
the backward difference in the equations, like in 
(Bărbulescu et al., 2022). Practically, this is done by 
substituting ( 1) /s z h= −  in the transfer functions 
of the blocks TC  and M  illustrated in Figure 2. 
Note that s and z are operational variables used 
in the Laplace and z transforms, while h is the 
sampling time of discrete-time implementation. 
Considering this, the following PO (17) will be 
used, instead of the PO (A3) of Appendix A. The 
argument k is the discrete time corresponding to 
continuous time t k h= ⋅ , e.g.: [ ] ( )y k y k h= ⋅ . 
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A detailed block diagram of the tracking loop, i.e., 
the blocks TC and M, can be found in (Bărbulescu 
et al., 2022). 

[ ] [ ]( )
[ ] [ ] [ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ]( )

[ ] [ ] [ ]

1

1 1 1 1 1

1 1 1

1 1 1 1

1 1 1 1 1

,

.

ln ,

ˆˆ ˆ ˆ ˆ1 , 0

ˆ ,

ˆ 1

ˆ ˆ ˆ1 1 , 0

ε

ε ε

ε

=

= − + ⋅ =

= −

+⋅

⋅

= − −

⋅ − + − =

o

p

i o

z k y k

z k z k h c k z z

k z k z k

c k K k k

h K k c k c c   

(17)

The following part of this subsection addresses 
the possibility of using formula (15) to determine 
the parameters of some second-order systems 
whose unforced dynamic behaviour is described 
by models (1) and (2). Figure 3 shows two well-
known simple systems that meet the above 
requirements in damped transient regimes. The 
model (18) is valid for the mechanical system 
shown in Figure 3(a) while the model (19) is valid 
for the electrical system displayed in Figure 3(b).

( ) ( ) ( ) 0f

r r

km x t x t x t
k k
⋅ + ⋅ + = 

,
                  

(18)
 

( ) ( ) ( ) ( ) 0extLC v t R R C v t v t⋅ + + ⋅ ⋅ + = 
.
      

(19)

(a) (b)

Figure 3. Dynamic systems of the second-order: 
(a) Mass-spring-damper system; (b) Resistance-

inductance-capacitance circuit

The primary parameters of the model (18) are: 
m - the suspended mass, rk  - the spring constant 
and fk  - the damping factor. The displacement 
x of the mass relative to equilibrium position is 
measured. This model is a linearized one, around 
the stationary point. When the system is heavily 
damped, i.e. 2( ) 4 0f rk mk− > , the movement 
of the mass is described by an exponential 
decaying curve that meets the conditions (2). In 
(19), the primary parameters R , L , C  are the 
resistance, the inductance and the capacitance of 
the serial circuit 1, respectively, and extR  is the 

resistance of circuit 2. It is supposed that circuit 
1 is discharged over circuit 2 and the voltage v 
is measured. When ( )2 4 0extR R C L+ − > , the 
circuit is heavily damped and meets conditions 
(2). In both cases, during the estimating process, 
the values of all the primary parameters, or only 
of some of them, are considered unknown.

Both models can be considered as having 
the form (20) for which 1 2,p p  and 3p  
represent the triplet of the primary parameters 
{ }, ,r fm k k  or { }, ,R L C . The value of extR  
is considered known.

( ) ( ) ( ) ( ) ( )
( ) ( )

2 1 2 3 1 1 2 3, , , , 0,

0 0, 0 0.

a p p p y t a p p p y t y t

y y

⋅ + ⋅ + =

≥ <

 



  
(20)

With these notations, equation (15) becomes:

( ) ( )2
1 2 1 2 3 1 1 1 2 3ˆ ˆ, , , , 1 0.c a p p p c a p p p+⋅ =⋅ +   

(21)

This equation is able to facilitate the calculation 
of the values of some parameters 1 2,p p , and 

3p  when one or several of those parameters 
may be changed in a controllable way, by 
adding new physical components to the original 
physical structure, and when the expressions of 
the coefficients 1a  and/or 2a  can capture these 
changes. As an example, a spring or damper 
may be added, or an additional resistor may 
be inserted, all with well-calibrated values. 
Supposing that, after these double interventions, 
the parameter 2p  changes to 2 2p p′+  respectively 
to 2 2p p′′+ , instead of (21), equations (22) and 
(23) are obtained.

( ) ( ) ( )2

1 2 1 2 2 3 1 1 1 2 2 3ˆ ˆ, , , , 1 0c a p p p p c a p p p p′ ′ ′ ′⋅ +⋅+ + + = ,  (22)

( ) ( ) ( )2

1 2 1 2 2 3 1 1 1 2 2 3ˆ ˆ, , , , 1 0c a p p p p c a p p p p′′ ′′ ′′ ′′⋅ + + + + =⋅ .  (23)

In the last three equations, the values of 1̂c , 1̂c′

and 1̂c′′  are obtained with the POs (17) or (A1) 
of Appendix A by performing three unforced 
dynamical experiments. Equations (21) – (23) 
represent an algebraic system of 3 equations in 3 
parameters 1 2 3, ,p p p . If the system is constant, 
the values of all three parameters are obtained. 
Obviously, when one of the parameters 1p , 2p  or 

3p  is known, equations (21) and (22) are sufficient.

3.2 Numerical Examples 

To illustrate how to use the above results in 
practice, the systems ( )1S  and ( )2S  of equations 
(24) and (25) are taken into account. The roots of 
their characteristic polynomial are given in (26).
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( ) ( ) ( ) ( )
( ) ( )
1 1 1 1

1 1

: 3 4 0,

0 24, 0 10,

S y t y t y t

y y

⋅ + ⋅ + =

= = −

 



          
(24)

( ) ( ) ( ) ( )
( ) ( )
2 2 2 2

2 2

: 0.02 0.3 0,

0 0.02, 0 0.1,

S y t y t y t

y y

⋅ + ⋅ + =

= = −

 



  
(25)

( )

( )
1 1 2

2 1 2

1: 1 0,
3

: 10 5 0.

S r r

S r r

= − < = − <

= − < = − <                    

(26)

The first system is studied using the structure 
illustrated in Figure 1 while the second one using 
the structure illustrated in Figure 2. 

The transients of ( )1S  are illustrated in 
Figure 4, where the validation function is
( )  ( )  ( ) ( ), 3 4E a t a t a t∗ ∗ ∗⋅ ⋅ = − ⋅ +2 1 2  and the settings 

of PO are: 1 , 10 / , 20 /o osτ ω τ ω τ= = =1 2 ,
5, 0.o oo oc c z z= = = =1 21 2

   

The transients of ( )2S  are illustrated in 
Figure 5, where the validation function is 

( ) ( ) ( )0.02 0.3 1F c c t c t= ⋅ + ⋅ +
2

1 1 1
    and the 

settings of PO are: 0.1 , 10 /osτ ω τ= = , 
5, 0.ooc z= = 

(a) (b)

(c) (d)

Figure 4. The behavior of the structure from Figure 
1 when ( )y t  is the output signal of system ( )1S : (a) 
the input signal; (b) the estimated link parameters; (c) 

the tracking errors; (d) the validation function

(a) (b)

(c) (d)

Figure 5. The behavior of the structure from Figure 2 
when ( )y t  is the output signal of system ( )2S : (a) 

the input signal; (b) the estimated link parameter; (c) 
the tracking error; (d) the validation function

According to equation (7), to Figure 4(d) and 
Figure 5(d), the link relationships (9) and (14) are 
not instantaneously fulfilled. Only after to’ seconds
 ( )1 3a t s∗ → , 

 ( )2 3a t s∗ → , ( ) 1
1̂ 5c t s−→ − .

. It is worth mentioning that the validation functions 
converge with a delay towards the limit values. It 
can be considered that for time-invariant case the 
convergence is practical achieved after 0 24 /t r′ ≅ −  
seconds.

 4. Simulation Experiments 

This section emphasizes, by simulation, the 
aspects presented in the above subsection, based 
on two examples. The simulations were performed 
in MATLAB/Simulink environment.

The scenarios of all experiments are very simple. 
Free regimes of the systems (18) and (19) are 
generated for known primary parameters and 
initial values. The generated signals are processed 
by the PO illustrated in Figure 2, in order to 
estimate the values of 1̂c . After that, these values 
are used through link relationships to refine the 
values of some primary parameters.

Example 1. Formulation: The system from 
Figure 3(a) with the primary parameters 

0.2m kg= , 110rk Nm−= , 13fk Nm s−=  and 
initial conditions ( )0 0.02x m= , ( ) 10 0x ms−=  
is considered. The goal is to calculate the values 
of rk  and fk  from two free responses. The 
first experiment is performed with the primary 
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parameters, while, in the second experiment, an 
additional spring with 11rk Nm′ −=  is added, in 
parallel with the original one. 

Results: For both experiments, the recordings lasted 
2 s and the sampling time was 35 10h s−= ⋅ . By 
proceeding in the same way as in the case of 
system (18), PO leads to 1

1 5c s−= − , for the 
first experiment, and to 1

1̂ 6.36537c s′ −= − , for 
the second one. 

In order to find the values of rk  and fk , m and 
′  are considered known, and the equation (27) 

obtained by customizing the equations (21) and 
(22) is solved.

( )

2
11

2
1 1

ˆˆ1
ˆ1 ˆ

r

f r

c mkc
kc c m k′ ′ ′

 −    ⋅ =    − −   ⋅ 

⋅


.

                       

(27)

The results are 110.02737704 ,rk Nm−=
13.00547 .5407fk Nm−=  Note that, relative to 

the initial values of primary parameters, in this 
example both errors found are below 0.3%.

Example 2. Formulation: Consider the system 
from Figure 3(b) with the primary parameters 

0.684R = Ω , 810L H−= , 6470 10C F−= ⋅  
for the branch 1, 1 19.39extR = Ω  for the branch 2,  
and the initial conditions ( )0 24v V=  and 
( ) { }1 1 10 2500 , 5000 , 7500v Vs Vs Vs− − −− − −  .  

The aim is to obtain the parameters of circuit 1 
by running 3 experiments in free regime. The 
first experiment is performed with the primary 
parameters. In the second and the third experiment, 
the value of resistance extR  was modified to 

2 9.39extR = Ω  and 3 6.062extR = Ω , respectively. 

Results: The recordings for the experiments were 
performed for an interval of 2 s. Both continuous 
time PO and discrete time PO ( 620 10h s−= ⋅ )  
were used. The results were very close. Thus, 
by using the continuous time PO the following 
values were obtained after three discharge 
processes: 1

1̂ 105.99081831307344669c s−= − ,  
1

1̂ 211.2030991176408704c s′ −= −  a n d 
1

1̂ 315.3958733989165746c s′′ −= − . To refine 
from these the values of ,R L  and C , assuming 
that only the values extR , extR′  and extR′′  were 
known, equations (21) ‒ (23) were customized, 
in the following form (28):

( )
( )

2
1 1 1

2

1 1 1

2

1 1 1

ˆ ˆ ˆ 1
ˆ ˆ ˆ 1 .

1ˆ ˆ ˆ

′ ′ ′ ′

′′ ′′ ′′ ′′

 
−    

     ⋅ = −    
   −     



⋅



⋅

⋅ 

ext

ext

ext

c c c R LC
c c c R RC

Cc c c R
       

(28)

After solving this system, one obtains:

9

6

9.669632620322943 10 ,
470.0000016246609 10 .

0.683999895518156 ,R
L H
C F

−

−

= ⋅

⋅

=

=

Ω

          

(29)

It can be noticed that, this time, the values of 
primary parameters were approximated with an 
accuracy of 3.35% for L, and with an accuracy of 
less than 0.0001% for R and C.

5. Discussion 

The coefficients of second-order system (1) can 
be combined through the link relationship (5). 
The system can be identified by obtaining the 
link parameters ( )1a t∗  and ( )2a t∗  as outputs 
of the system with the two POs illustrated in 
Figure 1, when the free response ( )y t  of the 
system is applied to its input. If the system (1) is 
time invariant, its coefficients can be combined 
through the simpler relationship (15), where the 
link parameter 1̂c  is obtained as the output of 
the PO illustrated in Figure 2. The values of the 
link parameters are not established instantly, but 
only after the end of a transient regime. This is 
due to the initialization of the PO and the signal 
generated by the system (1). For the structures 
shown in Figure 1 and Figure 2, both continuous-
time PO and discrete-time PO can be used.

If (1) is the model of a time-invariant physical 
system with three primary parameters, then equation 
(20) corresponds to equation (1). By changing the 
values of the primary parameters in a controlled 
manner, e.g., with quantities of known values, the 
obtained link relationships generate an algebraic 
system of equations whose solving provides the 
initial values of the primary parameters.

The result in (29) although spectacular, must be 
viewed with circumspection. The voltage values 
were obtained by simulation, the estimation of 
link parameters with PO was performed in double 
precision, and the results were rendered with many 
decimal digits. If the voltage was obtained by 
measurement, the precision of the link parameter 
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values would be lower than that obtained by 
simulation, since the signal would be affected by 
measurement noises. As a result, the number of 
correct decimal digits of the values of 1̂c , 1̂c′  and 

1̂c′′  provided by PO is lower. The effect of the 
truncation of these coefficients on the calculated 
values of the primary parameters , ,R L C  depends 
on the sensitivity of the calculation formulas 
resulting by solving the system (28). Through 
several numerical cases, Table 1 highlights the 
effect of altering the 1 1ˆ , ˆc c′  and 1̂c′′  values. 

Table 1. The effect of altering the values of link 
parameters 1̂c , 1̂c′  and 1̂c′′  on the values of the 

primary parameters , ,R L C

1 ]ˆ [%c∆ 0 8,201e-08 -7,843e-06

1 ]ˆ [%c′∆ 0 3,899e-08 -4,317e-06

1 ]ˆ [%c′′∆ 0 1,619e-08 -1,077e-06

[%]R∆ -1,52e-05 -1,31e-05 -1,309 e-04

[%]L∆ -3.303 -3,110 -5,767

[%]C∆ 3.456e-07 2,000e-07 1,200e-05

The first column corresponds to the values in 
(29). The percentages in the first three rows 
are calculated in relation to the values in (29), 
and those in the last three rows in relation to 

80.684 , 10R L H−=Ω= , 6470 10C F−= ⋅ .  
Note that the sensitivity of estimated values in 
relation to the altered values is very high for L , 
low for R  and very low for C .

Consequently to practically determine the 
equivalent values of the primary parameters of the 
circuit illustrated in Figure 3(b), by using a PO, a 
prior sensitivity study is required to provide the 
admissible variation ranges for 1̂c , 1̂c′  and 1̂c′′. The 
conclusion is valid for all systems of type (20). 
The way the study is carried out depends on the 

( )2 1 2 3, ,a p p p  and ( )1 1 2 3, ,a p p p  expressions.

Next, the discussion will focus on the issue of the 
serial RLC model of a capacitor, raised by the 
second example mentioned above, in the previous 
section. The subject of capacitor modeling has 
been topical for a long time, as described in 
(Keysight Technologies, 2020). Many aspects 
at different levels of depth are found in the last 
5 years researches. In (Kovacs et al., 2018), the 

general model of a capacitor (Figure 6(a)) is 
compared with more complex models for Al-Caps 
capacitor types. Liu et al. (2020) use the general 
model, and a more complex one developed from 
it, for modelling the aging process of MPFF-Caps 
capacitor. In the review (Dang & Kwak, 2020), 
regarding all three types of capacitors mentioned 
in the introductory section of this article, the 
simplified equivalent model from Figure 6(b) and 
the RC series model from Figure 6(c) is used. 

(a)

(b)

(c)

Figure 6. Some electrical models of a capacitor: (a) 
General model; (b) Simplified equivalent model; (c) 

The RC series model

The models illustrated in Figure 6(a) and Figure 
6(b), together with other newer models derived 
from the general one, are used in (Plazas-Rosas 
et al., 2021) with reference to Al-Caps for DC-
link capacitor diagnosis. A method for identifying 
the parameters of the equivalent model displayed 
in Figure 6(c), of a non-solid Al-Caps considered 
as an approximation model of a more complex 
electrical scheme, is presented in (Yang et al., 
2022). Determining the physical meaning of the 
parameters for any equivalent scheme requires 
special care. In this case, a relevant example can 
be represented by the discussions addressed in 
(QuadTech, 2003) regarding the sR  parameter 
from Figure 6(b), and Figure 6(c).

In this context and considering that the voltage 
variation at the terminals of a capacitor during 
discharging across an external resistance has 
the form illustrated in Figure 6(a), the following 
question appears: Can a model equivalent to the 
one illustrated in Figure 6(b) be identified by 
using PO, for a real RLC series capacitor? Since 
the application of the identification procedure is 
associated with the discussed sensitivity problems, 
the limitations are due either to the location of 
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the spectrum of ( )v t  in relation to the frequency 
characteristic of the impedance z of the capacitor 
and the measurement quality of ( )v t , or to the 
inadequacy of the RLC model to the actual 
behavior of the capacitor. Thus, assuming that 
the RLC model is adequate and that the , ,R L C  
parameters do not depend on the frequency, the 
impedance modulus of the capacitor has the 
expression (30) and the graph in Figure 7.

( )
2

2 12 .
2s sz f R fL

fC
π

π
 

= + − 
            

(30)

In (30) f  is the frequency. The module ( )z f  has 
the minimum value sR  for the resonant frequency 

( )1/ 2o sf L Cπ= . As mentioned in the paper (Niu 
et al., 2018) and in the note (Nippon Chemi-Con 
Corporation, n. d.), usual, 3 65 10 ,10of Hz ∈ ⋅   

for Al-Caps, 5 75 10 , 5 10of Hz ∈ ⋅ ⋅   for MPPF-

Caps and 7 910 ,10of Hz ∈    for MLC-
Caps. In domains I, II and III, the capacitor has, 
predominantly, a capacitive, a resistive and an 
inductive behavior, respectively. Consequently, 
in different operating regimes, the behavior of the 
capacitor can be manifested by one or more of these 
behaviors, depending on the spectrum of ( )v t . 
This explains the frequent use of the RC model 
displayed in Figure 6(c), for low and medium 
frequency signals.

Figure 7. The characteristic ( )z f  of the 
impedance from Figure 6(b), for the parameters 

used in Example 2

The estimation of the values of the parameters 
,C R  and sL  from the signal ( )v t  assumes 

that its spectrum has non-negligible values in each 
of the domains I, II and III, and, in the domains 
where the amplitudes of the spectrum are small, 
the ratio signal/noise is favourable.

In the experiments performed, an Al-Caps 
capacitor of 100 / 35F Vµ  was discharged, 
having the ( )z f  characteristic illustrated in 

Figure 8(a), across three resistors of 50 Ω , 
33.33Ω  and 25Ω , respectively. For the last 
case, the amplitude spectrum of the signal ( )v t  
in the discharge process is shown in Figure 8(b). 

(a)

(b)

Figure 8. Characteristics regarding Al-Caps 
capacitor: (a) ( )z f  characteristic; (b) Amplitude 

spectrum of the voltage

For the other two cases, the spectra show 
insignificant differences compared to this one.

It can be observed that for 410f Hz≥ , the 
amplitudes have negligible values. As a result, it 
is not surprising that when using the PO only the 
value of C  was well calculated and the values 
of the other two parameters were often negative.

6. Conclusion

The present work extends the use of the PO 
proposed by Bărbulescu et al. (2022), from 
first-order linear systems, to second-order linear 
systems. With the help of two interconnected POs, 
the extension consists in determining the values 
of two link parameters which link the coefficients 
of the second-order system. When the second-
order system represents the model of a physical 
system, the values of the link parameters can 
be determined online, with a microcontroller 
connected to the output of the physical system. 
If the system is time-invariant, the extension uses 
a single PO, a link relationship in which a single 
link parameter appears, respectively.
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As the coefficients of the physical system models 
are functions of the primary parameters of the 
systems, the link relationship interconnects the 
primary parameters. By performing several 
experiments for controlled changes of the 
primary parameters, it is possible to obtain an 
algebraic system of equation with the initial 
values as variables. The expressions of primary 
parameters obtained by solving the system can 
be very sensitive in terms of coefficients. In 
this context, the article reveals and analyses the 
possibility of identifying the primary parameters 
of the RLC series equivalent model of a capacitor, 
by measuring the voltage at the terminals of the 
capacitor during its discharge over a resistor. 
Identifying such an equivalent model remains, in 
the general way, an open problem.

Appendix A 

Based on (Bărbulescu et al., 2022), the structure 
illustrated in Figure 1 is obtained following 
three steps: 

Step 1: The PO- 1a∗  is associated with the virtual 
system (3) to estimate 1a∗  via  ( )1a t∗ :

( ) ( )( )

( ) ( )

( ) ( ) ( )
( ) ( ) ( )

 ( ) ( )

1

1

1
1 1 1

1 1 1

1 1 1 1 1 10

1
1

,
ˆ ( ) ˆ ˆ ˆ, 0

ˆ ,

ˆ

,

ˆ ,

1 .
ˆ

:

o

t

p i o

PO a

z t ln y t

dz t c t z z
dt

t z t z t

c t K t K d c

a t
c t

ε

ε ε τ τ

∗

∗













−

=

= =

= −

=


= + +

−

∫

  

(A1)

The equations in (A1) correspond to 
( ) ,ln ⋅  to 1, ,M summation block  and to 

( ) 1
1TC and −− ⋅  blocks, respectively, as 

displayed in Figure A1, where the block marked 
with “-1” is a polarity inverter.

Figure A1. The block diagram of extended PO- 1a∗

Step 2: Because ( )1 0tε → , ( ) ( )1 1ĉ t c t≅  and 
( ) ( ) ( ) ( ) ( )1 1̂y t y t c t y t c t= ⋅ ≅ ⋅ , respectively, 

( )y t  is approximated by its estimate ( )ŷ t  
calculated with (A2), and PO- 1a∗  is extended by 
means of this operation, as shown in Figure A1.

( ) ( ) ( )1
ˆ ˆy t y t c t− = − ⋅

                                  (A2)

Step 3: Considering the system displayed in 
Figure A1, the PO- 2a∗  corresponding to system  
is attached to the output ˆ( )y t−  . This leads to 
the structure illustrated in Figure 1, having the 
equations (A3).

( )
( )

( ) ( )
( ) ( )

( ) ( ) ( )

( ) ( ) ( )

 ( )
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2

2
2 2 2

2 2 2 2

2 2 2 2 2 20

2
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2
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c t
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ε ε τ τ

∗

∗
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
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

 

∫



  

(A3)

The tracking regime of the asymptotically stable 
system (A3) is not established instantly, but only 
after a certain time t0 when  ( ) ( )1 1ˆa t a t∗ →  and 
 ( ) ( )2 2ˆa t a t∗ → . Consequently, instead of ideal 
linking relationship (5) one obtains:

( ) ( ) ( )  ( )  ( )2 1 2 1 2 00,a t a t a t a t a t t t∗ ∗ ∗− ⋅ + ⋅ = ≥   (A4)

In order to extend the tracking time interval of the 
virtual parameters ( )1â t  and ( )2â t , the gains of 
the two PI tracking controllers need to be matched, 
according to (A5) and (A6).

1
10

oω τ
≥ ,

 
2

20
oω τ
≥ ,

 
2 1o oω ω> ,

                
(A5)

2
1,2 01,2 1,2 1,22 ,p i oK Kω ω= ⋅ = .               (A6)

Here  is the expected duration of the transients 
of ( )1PO a∗− . Basically, it can be considered 
that 0 2t τ= ⋅ . By adopting 1oω  and 2oω  as in 
(A5), the 2PO a∗−  will operate “slightly faster” 
than 1PO a∗− .
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