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Abstract: There exists linear algorithms to recognize weak-bisplit graphs and NP-complete optimization problems
are efficiently resolved for this class of graphs. In this paper, using weak-decomposition, we give necessary a
sufficient conditions for a graph to be weak-bisplit, bi-cograph, weak-bisplit cograph. We also give an algorithm
O(n+m) to determine, the density of a weak-bisplit cograph and we calculate directly the domination number for this

class of graphs.
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1. Introduction

Throughout this paper G=(V,E) is a simple
(i.e. finite, undirected, without loops and
multiple edges) graph [2]. Let co-G =G
denote the complement graph of G. For
UcV let G(U) denote the subgraph of G
induced by U. By G-X we mean the graph
G(V-X), whenever X V, but we often denote
it simply by G-v (Vv € V) when there is no
ambiguity. If velV is a vertex in G, the
neighborhood Ng(v)denotes the vertices of G-
v that are adjacent to v. We write N(v) when
the graph G appears clearly from the context.
The neighborhood of the vertex v in the
complement of the graph G is denoted by

N(v). For any subset S of vertices in the
graph G the neighborhood of S is
N(S)=uU,.¢N(v)—=S and N[S]=SUN(S).
A clique is a subset of V' with the property
that all the vertices are pairwise adjacent. The
cliqgue number (density) of G, denoted by
o (G) is the cardinal of the maximum clique.
A clique cover is a partition of the vertices set
such that each part is a clique. @(G) is the
cardinal of a smallest possible clique cover of
G; it is called the cligue cover number of G.
A stable (or independent) set is a subset of V
with the property that all the vertices are
pairwise non-adjacent. The stability number

of Gis a (G)= a)(é), the chromatic number
of Gis ¥ (G)=06(G).

A dominating set for a graph G = (V, E) is a
subset D of V such that every vertex not in D
is joined to at least one member of D by some
edge. The domination number y(G) is the

number of vertices in a smallest dominating
set for G.

By P, C,, K, we mean a chordless path on

n>3 vertices, the chordless cycle on n>3
vertices, and the complete graph on n=>1
vertices. If e=xy e E, we also denote x~y; we

also denote x+y whenever x, y are not
adjacent in G. A set 4 is totally adjacent (non
adjacent) with a set B of vertices (AN B=¢)
if ab is (is not) edge, for any a vertex in 4
and any b vertex in B; we note denote A~B

(4=B). A graph G is F-free if none of its
induced subgraphs is in F.

The subset 4 V is called a cutset if G-A is
not connected. If, in addition, none of the
proper subsets of A4 is a cutest, then 4 is
called a minimal cutset .

The paper is organized as follows. In Section
2 we give preliminary results. In Section 3 we
give a characterization of weak-bisplit graphs.

2 Preliminary Results

At first, we recall the notion of weak component.

Definition 1. [10],[11],[12] 4 set A V(G) is
called a weak set of the graph G if

Ng(A)#V(G)—A and G() are

connected. If A is a weak set, maximal with
respect to set inclusion, then G(A) is called a
weak component. For simplicity, the weak
component G(A) will be denoted by A.

Definition 2. [10],[11],[12] Let G=(V.,E) be a
connected and non-complete graph. If A is a
weak set, then the partition {A,N(A),V-
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AU N(A)} is called a weak decomposition of
G with respect to A.

The name of "weak component" is justified
by the following result.

Theorem 1. [10],[11],[12] Every connected
and non-complete graph G=(V,E) admits a
weak component A such that

GV — A) = G(N(A) + G(N(A)).

Theorem 2. [10],[11],[12] Let G=(V,E) be a
connected and non-complete graph and
AcCV. Then A is a weak component of G if
and only if G(4) is connected and

N(A) ~ N(A).

The next result, based on Theorem 1, ensures
the existence of a weak decomposition in a
connected and non-complete graph.

Theorem 3. If G=(V,E) is a connected and
non-complete graph, then V admits a weak
decomposition (4,B,C), such that G(A) is a
weak component and G(V-A)=G(B)+G(C).

Theorem 2 provides an O(n+m) algorithm for
building a weak decomposition for a non-
complete and connected graph.

Algorithm for the weak decomposition of a
graph [10], [12]

Input: A connected graph with at least two
nonadjacent vertices, G=(V,E).

Output: A partition V=(A,N,R) such that
G(A) is connected, N=N(A), A+ R = N(A4).

begin
A = any set of vertices such that AUN(A)# V'
N:=N(A)
R:=V-AUN(A)
while (Ane€ N, 3 reR such that nr & E ) do
begin
A=AV {n}
N:=(N-{n})U (N(n) " R)
R:=R-(N(n) N R)
end

end

3 The Results Concerning Weak-
Bisplit Graphs

3.1 Basic properties

3.1.1 A new characterization of weak-
bisplit graphs

Definition 3. A graph G is a weak bisplit
graph if and only if it has an independent set
S such that every connected component of G-
S is a biclique (i. e. a complete bipartite
subgraph).

A graph Star;;; and the next graph
({a,b,cdefg} {abbccd e ef fg}) are isomorphic.

In [3], Fouquet et al. introduced the notion of
K+S-decomposition: a partition (V7,V3) of the
vertex set in a bipartite graph is a K+S§-
decomposition when the black vertices of V,
are all adjacent to the white vertices of V,
while there is no edge connecting a white
vertex of V| to a black vertex of V,. For a
bipartite graph G, canonical decomposition
[3] recursively applies K+S-decomposition.

The weak bisplit graphs are characterized
(see [4]) by two excluded subgraphs P; and
Stary; as cographs are characterized by
excluded Py.

Weak bisplit graphs are designed in [3] to be
completely decomposable with respect to
canonical decomposition.

In [14] it is mentioned that the problem
concerning the determination of the
domination number (see [7]) and of the
stability number (see [8]) is NP-complete,
that the problem of the cliquewidth (see [6])
is unbounded, and that of recognition (see
[1]) is also NP-complete.

In [5] it is given a linear algorithm to
recognize weak-bisplit graphs is given and
NP-complete optimization problems are
efficiently resolved for this class of graphs.

A graph is weak bisplit [14] if and only if it is
{P;,Cop (k 2 2), Star,,, } -free.

Theorem 4. Let G=(V,E) be a connected and
incomplete graph and (AN,R) a weak
decomposition with G(A)the weak
component. G is weak-bisplit if and only if:

i) G(R) is weak-bisplit,
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ii) G(V-R) does not contain any of the graphs
presented below:

A N A N

4) 5) 0)
Figure 1.

Proof. Let (A,N,R) be a weak decomposition
with G(A) the weak component.

Let G be a weak-bisplit graph. We prove that
G(V-R) does not contain any of the graphs
shown in Figure 1(1...6).

If G-R contains the graph in Figurel (1), then
G contains P, , because N ~R and 4 »R.

If G-R contains the graph in Figure 1 (2),
then G contains C,,, (k>2), because

N~R and A »R.

If G-R contains the graph in Figure 1 (either
3 or 4 or 5 or 6), then G contains Star,s,

because N ~R and 4 R .

Vice versa, we assume that G-R does not
contain any of the graphs in Figure 1(1...6)
and that G(R) is weak-bisplit. We show that
G is weak bisplit.

Suppose G is not weak-bisplit. Then G would
contain P, or C,,,,(k>2) or Star,,, as an
induced subgraph.

If G contained P, then P, < G(R)
orV(PL)MmA#® and V(P)NN=OD
andV(P,)NR#®D.

Because N,R+® and N ~R,
V(P)NR=1 and [V(P)NN|<2. If
|V(P7)ﬁN|:1, then G-R contains the
graph in Figure 1 (1). If |V(P7) r\N| =2,it

contradicts the fact that N = N;(4)

because there would be a vertex in N that
has no neighbor in A. If G contained
Cyyk=22), then C,,,cG(R) or

V(Cyyy) MA#D and V(C,,,, )NN = O
and V' (C,,,,) "R # @ . Because N,R # ©
and N~R, |V(C2k+l)ﬁR| =1 and
V(Cp) N N|=2.

Since N ~R, G-R contains the graph in
Figure 1(2). If G contained Star,,,;, then
Star,,, < G(R) or V(Star,;) " A+ ® and
V(Star,,;,) "N # © and
V(Star,,;) "\R# ®. Because N,R#®
and N~R, |V(Star123) N R| =1 and
V (Star,,;) "N| <3.

Let  Star,,;, be the graph  with
V(Star,;) ={a,b,c,d e, f,g} and
E(Star,,,) ={ab,bc,cd,ce,ef , fg} . If

a € R, then G-R contains the graph in Figure
1(5). If be R, then ae N and a has no
neighbor in A, which is impossible because
N=N;(A4).1f ceR, then de N and d
has no neighbor in A, which is impossible
because N = N;(A4). If d e R, then G-R
contains the graph in Figure 1 (3). If e€ R
then G-R contains the graph in Figure 1(4).
If f € R, then g € N and g has no neighbor
in A, which is impossible because
N=N;(A4). IfgeR, then G-R contains
the graph in Figure 1(6).

3.1.2 A new characterization of bi-cographs

A minimal super-class [13] of the class of bi-
cographs is the class of weak-bisplit graphs.

A graph Sun, and the next graph

({a,b,c,d,ef g h} {ae bf cgdhef.fg,ghhe})
are isomorphic.

Definition 4. [13] 4 graph is a bi-cograph if
it is a bipartite graph that can be reduced to
isolated  vertices by  recursively  bi-
complementing the edge set of all connected
bipartite  subgraphs,  where  the  bi-
complement of (X,YE) is (XY, XxY - E).
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A graph is bi-cograph [13] if and only if it is
{P,,Star,,;,Sun, } -free.

Theorem 5. Let G=(V,E) be a connected and
incomplete graph and (A,N,R) a weak
decomposition  with G(A) the weak
component. G is bi-cograph if and only if:

i) G-R does not contain any of the graphs in
the Figure 2:

A N A N A N
n 2) 3)
A N A N A N
4 5) 6)
Figure 2.

ii) G(R) is bi-cograph.

Proof. Let (A,N,R) be a weak decomposition
with G(A) the weak component. Let G be a
bi-cograph.

We show that G-R does not contain any of
the graphs in Figure 2 (1...6). If G-R
contains the graph in Figure 2 (1), then G
contains P,, ecause N ~R and 4 »R . If G-

R contains the graph in Figure 2 (either 2 or 3
or 4 or 5), then G contains

Star,,; ,because N ~R and 4 »R.
If G-R contains the graph in Figure 2 (6),

then G contains Sun,,because N ~R and

A~»R.

Vice versa, we assume that G-R does not
contain any of the graphs in Figure 2(1...6)
and that G(R) is a bi-cograph and we show
that G is a bi-cograph. We assume that G is

not a bi-cograph. Then G should contain P,
or Star,,; or Sun,.If G contains P,, then
P cGR) o VE)YNA#D and
VIEYNN#® and V(P)NR#O.
Because N,R#® and N~R,
V(P)NR|=1land  [V(P,)NN|<2. If

|V(P7) NN | =1, then G-R contains the
graph in Figure 2 (1). If |V(P7)F\N| =2,
then the fact that N=N (4) is

contradicted because there would be a vertex
from N that has no neighbor in A4 .

If G contained Star,,,, then Star,,; < G(R)
or V(Star,,;,) M A#® and
V(Star,;) "N = ® and
V(Star,;) "R #®. Because N,R+#O
and N~R, |V(Star123) N R| =1 and
V (Star,,;) "N|<3.

Let  Star,,; be the graph  with
V(Star,,;,) ={a,b,c,d.e, [, g} and
E(Star,,,) = {ab,bc,cd,ce,ef , fg} If

a € R, then G-R contains the graph in Figure
2(4). If be R, then a€ N and a has no
neighbor in A, which is impossible because
N=N (A4).1f ceR, then de N and d
has no neighbor in A, which is impossible
because N =N, (4). If d € R, then G-R
contains the graph in Figure 2(2). If e€ R,
then G-R contains the graph in Figure 2(3).
If f € R, then g € N and g has no neighbor
in A, which is impossible because
N=N;(A4).If geR, then G-R contains
the graph in Figure 2(5). If G contained
Sun, then Sun, < G(R) or
V(Sun,)MA#® or V(Sun, )N N =D
or V(Sun,)M\R #®. Because N,R# O
and  N~R, [|V(Sun,)nR|=1 and
V(Sun,) AN|=1. If |[V(Sun,)"N|=1,
then G-R contains the graph in Figure 2(6).

3.1.3 Proprieties of the weak-bisplit cographs

In [9}) is considered the number of efficient
points in criteria space of multiple objective
combinatorial optimization problems.
Experimental results with the shortest path
problem, the Steiner tree problem on graphs
and the traveling salesman problem show that
the number of efficient points is much lower
than a polynomial upper bound.
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It is known that [14] a graph is weak-bisplit if
and only if it is {P7,Co1(k=2),Star 3 }-free.

Because a P,-free graph isP, -free, any
graph {P,,C,,,,(k = 2),Star,,;,} -free (still
called weak bisplit cograph) is weak-bisplit.

Theorem 6. Let G=(V,E) be a connected and
incomplete graph and (A,N,R) be a weak
decomposition  with G(4) the weak
component. G is weak-bisplit cograph if and

only if:

i) A~N~R

ii) G(A),G(N),G(R) are weak-bisplit cographs.

Proof. Let G be a weak-bisplit cograph and
(A,N,R) be a weak decomposition with G(A)

the weak component. Then N ~R , because
G(A) is the weak component. Because G is

P, -free, A~N~R.

Vice versa, we assume that G(A), G(N), G(R)
are weak-bisplit cographs and A~N~R. From
[11], because G(A), G(N), G(R) are weak-
bisplit cographs and A~N~R, G is P, -free.

Cn(k=22)z G(AUR), because G(A),
G(R) are weak-bisplit cographs and
G(AUR) is not connected.

Cy(k22)z G(AUN), because G(A),
G(N) are weak-bisplit cographs and A~ N .

C,(k22)z G(NUR), because G(N),
G(R) are weak-bisplit cographs and N ~R .
Cypnk=22)zc G(AUN UR) with
V(iCy,)NnA#=d, V(C,, ,)NN=D,
V(Cy ) )NR#=®, because G(A), G(N),
G(R) are
A~N~R.
Star,,; « G(AUR), because G(A), G(R)
are weak bisplit cographs and G(4A U R) is
not connected.

Star,,;,  G(A U N), because G(A), G(N)

are weak Dbisplit cographs and A~N.
Star,,; « G(N UR), because G(N), G(R)

are weak-bisplit cographs and N ~R.
Star,,; « G(AUN UR) with

V(Star, ;)M A#=D, V(Star,,,) "N = O,

weak-bisplit cographs and

V(Star,,;,) "R # @, because G(A), G(N),
G(R) are weak-bisplit cographs and
A~N ~R . So G is weak-bisplit cograph.

Next, we present how to determine the stability
number, the clique number and the domination
number for the weak-bisplit cographs.

Theorem 7. Let G=(V,E) be a weak-bisplit
cograph and (A,N,R) be a weak decomposition
with G(A) the weak component. If G is a weak-
bisplit cograph, then:

1) o G)=max{a(G(N)),u G(A))+a(G(R))};
i) A G)=a( G(N))tmax{a(G(4)), AG(R))};
iii) v(G) =|N].

Proof.

From [12] it follows

a(G)=max {a(G(A4A U N)),

a(G(4) + a(G(R))} .

Because A~N,
a(G(A U N)) =max{a(G(A)),a(G(N))}.
So a(G) =maxf(G(N)),aG(A))+ A G(R))}.
Because A~N ~R,

= o(G(N)) + max{o(G(4)), o(G(R))} .

Because A~N ~R, N is cutest minimal, so
a domination set of minimal cardinal is N that

is (G) =|N|.

3.2 Algorithm for the determination of

®(G) in a weak-bisplit cograph G
Input: A weak-bisplit cograph, G=(V,E).
Output: The determination of w(G).

1. The determination of a weak
decomposition (4,N,R) with G(A4)
the weak component.

2. We denote by
0,240y N, Oy R, a
clique of maximum cardinal from
A,N,R.

3. The determination of the degree of
each vertex in G.

4. The maximum degree in G is in O,

or QO or Q.
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5. Let v be a vertex of maximum degree
in G.

If v is in &V, then 6 follows and then 9,
so that, if v is in 4, then 7 follows and
then 9, otherwise 8 follows and then 9.

6. Then Q, is the set consisting of all

the vertices in N with the same
degree as vand w(G(N)) = |QN |
Let H=G-N=G(AUR).

The degrees of the vertices in H
verify:

dy(a)=dg(a)- |N
4, (1) = dg ()~

,Vae A;
,VreR.

Let w be the vertex of maximum
degree in H.

If w is from A4 then 6.1 otherwise 6.2.

6.1. O, consists of the set of vertices in
A of the same degree as w and

o(G(A) =10,
Let F=H-A=G(R).
The degrees of the vertices in F
verify:
dp(r)=d,(r)=dy(r)—|N,VreR.

Let u be the vertex of maximum
degree in F.

We have O, consisting of the set of
vertices in R of the same degree as u

and w(G(R)) =|0;|.

6.2. O, consists of the set of vertices in
R of the same degree as w and

o(G(R)) =|0|.
Let F=H-R=G(A).

The degrees of the vertices in F
verify:

dp(a)=d,(a)=d;(a)—|N,VaeN.

Let u be the vertex of maximum
degree in F.

We have Q, consisting of the set of
vertices in A4 of the same degree as u

and o(G(4))=10,|.

7. Then Q, is the set consisting of all

the vertices in A4 of the same degree v
and 0(G(A4))=|0,|.

Let H=G-A=G(NUR).

The degrees of the vertices in H

verify:
d,(n)=dg(n)—|4,YneN;

d,(r)=d;(r),VreR.

Let w be the vertex of maximum
degree in H.

If w is from N, then 7.1. otherwise 7.2.

7.1. Q, consists of the set of vertices in
N of the same degree as w and

o(G(N)) =|0,|.

Let F=H-N=G(R) .

The degrees of the vertices in F
verify:
dp(r)=d, (' 4N =d,(r)—|N,VreR.

Let u be the vertex of maximum
degree in F.

We have (O, containing of the set of
vertices in R of the same degree as u

and o(G(R)) =|0;|.

7.2. Qy contains of the set of vertices in
R of the same degree as w and

®(G(R)) = |0y
Let F=H-R=G(N).
The degrees of the vertices in F verify:
dp(n)=dy (n)~|R|=

=dg(n)—(|4|+|R),Vne N

Let u be the vertex of maximum degree
in F.
We have (), containing the set of
vertices in N of the same degree as u and

o(G(N)) =|0,.
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8. Then @, is the set containing all the
vertices in R of the same degree as v

and @(G(R)) =|0,|.
Let H=G—-R=G(AUN).

The degrees of the vertices in H
verify:

d,(a)=d;(a),Yae A;
dy(n)=dg(n)—|R,VneN.

Let w be the vertex of maximum
degree in H.

If w is from A then 8.1 otherwise 8.2.

8.1. O, consists of the set of vertices in
A of the same degree as w and

o(G(A) =10, |-
Let F=H-A=G(N).
The degrees of the vertices in F
verify:

dp(n)=dy(n)-|4| =

=dg(n)—(|4|+|R),Vne N

Let u be the vertex of maximum
degree in F.
We have O, consisting of the set of
vertices in N of the same degree as u

and w(G(N)) =[0y|.

8.2. O, consists of the set of vertices in
N of the same degree as w and

o(G(N)) =0,].
Let F=H-N=G(A).

The degrees of the vertices in F
verify:
dr(a)=dy(a)-|N|=

=dg(a)-|N|,Yaed

Let u be the vertex of maximum
degree in F.

We have ), consisting of the set of
vertices in A of the same degree as u

and w(G(4))=0,|.

% w(G)=w(G(N))+
+max{w(G(A4)), o(G(R))}

Remark 1. Because the block that requires
the longest execution time, O(n+m), is the
determination of the weak decomposition
(4,N,R), we conclude that total execution
time is O(n+m).

4. Conclusions and Future Work

In this paper, using weak decomposition, we
characterize the weak-bisplit graphs, as well
as some of their subclasses. Also, we give an
O(n+m) of how to determine the density of a
weak-bisplit graph and we directly calculate
the domination number for this class of graphs.

In the future papers we will establish the
proprieties of geometric graphs.
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