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Abstract: In this paper, a new wavelet robust control by fuzzy boundary layer via time-variant sliding surface
(WRCFBL) for an uncertain nonlinear system is presented. New terminologies, rejection parameter and rejection
regulator, for designing a time-variant sliding surface are defined. The time variant sliding surface operates as an
adaptive filter. Wavelet network is used to design an indirect controller. An adjustable control gain parameter,
rejection parameter and the wavelet network coefficients are on-line tuned. Instead of saturation function a hyperbolic
tangent function is used. Also, a fuzzy system that adopts absolute value of sliding surface as input and the boundary
layer parameter as output is defined. This fuzzy system tunes the boundary layer width. Control system stability is
guaranteed by using the Lyapunov method. The proposed method attenuates efficiently the effects of the system
uncertainties and un-modelled frequencies. Also, the chattering phenomenon is completely eliminated. In addition,
three theorems and one lemma, which facilitate design of the proposed controller, are proved. Also, a simulation
example is presented to illustrate the performances and the advantages of the proposed method.
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1. Introduction

There are several techniques to control of an
uncertain nonlinear system. A typical
approach is sliding mode control technique
[14]. In the sliding mode technique, the
proper transformation of tracking errors to
generalize errors is introduced, so that
n order tracking problem can be transformed
into an equivalent first order stabilization
problem [16]. The sliding-mode control
employs a discontinuous control to derive the
system state to reach and maintain its motion
on sliding surface. The discontinuity in the
control action provides the chattering and the
un-modeled frequencies may be activated,
which are undesirable in application. To
avoid these drawbacks, the boundary layer
technique is exploited [14]. For achieving the
better tracking performance a varying
boundary layer is considered. In [9], the self-
tuning laws based on the bounded modeling
error, for adjusting the boundary layer width
and the other parameters have also been
proposed. Furthermore, for calculating the
control gain parameter, the difference
functions Af and Ag must be obtained, that

is a drawback. The auto-tuning neurons
computation for designing the sliding-mode
control [3] and the fuzzy adjusting method
for finding the suitable boundary layer width
[12] are used. Most practical systems are
non-linear and complex in nature with

uncertain dynamics that may not be easily
modeled mathematically. For this purpose,
the identification methods are usually
exploited [1], [2], [11], [17]. A direct
adaptive fuzzy sliding mode control for
uncertain nonlinear systems was presented in
[13]. The GA-based fuzzy sliding mode
controller with modified adaptive laws for
robust control of an uncertain nonlinear plant
has also been presented [4]. Recently,
wavelets have led to advanced tools in many
scientific and application research areas [5].
Multiscale analysis, synthesis properties and
the learning abilities of neural wavelet
networks, for approximation of nonlinear
functions are well established [6], [15], [18].
In the literature only time-invariant sliding
surface has been studied extensively. Here for
the first time, a new case of time-variant
sliding equation is presented. For this
purpose, the rejection regulator based on a
parameter that is called "rejection parameter”
is defined. For objectively choosing the
coefficients of error states in sliding equation
rejection regulator is used. By tuning the
rejection parameter, we can adjust the break
frequency bandwidth and also the coefficients
of error states in sliding equation. Such
sliding equation, as a chain of (n-—1)
adaptive first-order low-pass filters, rejects
all un-modeled frequencies. The tracking
precision is not guaranteed by using the
saturation function. Therefore, instead of
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saturation function, a hyperbolic tangent
function is used. Also, a fuzzy system, that
adopts absolute value of sliding surface as
input and the boundary layer parameter as
output, is defined. This fuzzy system tunes
the boundary layer width. Control system
stability is guaranteed by using the Lyapunov
method. For facilitating the design of the
proposed controller, three theorems and one
lemma are proved. This paper is organized as
follows. Problem formulation is presented in
section 2. In section 3, sliding mode control
with new terminologies as rejection
parameter and rejection regulator s
presented. Two theorems and one lemma
complete this section. Section 4 has two
subsections. In the first subsection a wavelet
network system is described briefly and a
theorem for presenting the tuning laws is
explained. This theorem adjusts the wavelet
network coefficients, rejection parameter and
control gain parameter. In the last subsection
of the section 4, structure of a fuzzy system,
to design a fuzzy boundary layer, is
presented. An example to illustrate the
effectiveness of the proposed method is
presented in section 5. Finally, the paper is
concluded in section 6.

2. Problem Formulation

Consider the »n-th order nonlinear
dynamical system defined by the following
state equation

x? = 0% x" N+ g% X" u+d (1)

where fand g are unknown bounded
nonlinear functions, and u# € R is control
input of the system and d is the external

bounded disturbance. Let

X = [X]5 X0 5005 X1, X, ] = [x,%,...x" D, x"D] e R

and X, =[x;,%;,.x;" V1€ R", where x

and x,; are state vector and desired

trajectory of the system, respectively.
Assume that x is available. The control
objective is to find a controller so that the
state x can track the desired trajectory Xx;.

Thus we define e=x-x, =[e, é,...,e(”_l)],
such that e=x—x; € R. For achieving the

control objective, the tracking error
e = x—Xx,; must be attenuated to an arbitrary

small residual tracking error independent of
the uncertainties of the system. The sliding-
mode control is a method based on defining
a sliding surface in the error space passing.
Consider a sliding function as, s = kle. In
particular, k= [ko,kl,...,kn_l]T eR" is
chosen such that all
characteristic polynomial:

roots of the

P(w) = kyo" D + k" + .4k, ()
corresponding to the sliding equation:
k"™ + ke 44k, e=0 (3)

lie in the open left-half plane. By choosing
the Lyapunov function candidate

1o @)
2
With ¥ (0)=0 a controller u is given such

that each state Lyapunov condition holds for
system stability (sliding condition) [14]:
. 1d
V=——s"<-n|s|, >0 5
v AR )
The other equivalent relation of the reaching
condition is:

ss<-n|s|, or ssgn(s)<-n, n>0. (6)

An alternative definition of the sliding
function is [14]:

_ 4y
S (dt+/1) e (7)

Two steps for designing the sliding-mode
control exist. The first step is the selection of
parameter A such that all un-modeled
frequencies of the system are rejected. The
other step is to find a control law such that
the reaching condition (6) is satisfied.

3. Sliding-mode Control and
Rejection Regulator

By using the Laplace transformation, the
linear differential equation (7) can be
considered as a chain of (n—1) first-order
low-pass filters with break frequency
bandwidth. Such that the scalars § and € are
input and output of the filters, respectively.
Figure 1 shows pictorially this filter.
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Figure 1. Sliding equation as chain of
low-pass filters.
So that pis Laplace operator. The parameter

A should be selected such that all un-
modeled frequencies of the system are
rejected. Let G(p)=1/(1 + p) be a first order

low-pass filter corresponding to Eq (7). In
order to reject all un-modeled frequencies,
the inequalities A<p or A<v must be

satisfied, where v is defined as

uf

A<v=inf{o,, 0, are unmodeled frequencies} ®)

In the following, a theorem for objectively
choosing the coefficients of error states in
sliding equation is presented.

Theorem 1: If @, are roots of the polynomial
(2), v is the same notation as defined in (8).
) =max{|w; |: P(w;)=0,0; <0,i=1,2,.n—1}
and ¢ is an arbitarary real positive number
(rejection parameter) such that 0 <v then by

choosing w =v-5 and

k; :(nj J(w ),

we have A <v, i.e., the first-order low filters
with break frequency bandwidth A, as

defined in Eq. (7) reject all un-modeled
frequencies of the system.

for j=0,..,n-1,

Proof. Let s=k’e=0 be sliding equation in
the error space passing, such that k&, =1.
Else the sliding equation is divided by k.

The coefficients & for j=1.2,.,n-1,

ja
must be chosen such that all roots of the

characteristic polynomial of the sliding
equation (7):
P(@)= "D + k" +..+k,_, ©9)

lie in the open left-half plane. By using the
well known relationship between coefficients
and roots of the polynomials [7], we have

n—1
k=S o, (10)
i=1

n—1
k= 2 oo (11)

i,1=1,i#l

kg = DI Ve (12)
since
o =max{| w; |: P(@;)=0,w; <0, i=1,2,.n—1},

therefore

n—1 *
ky S( | ja) (13)
[}’l _IJ LN
ky < (@) (14)
2
and finally
by < (@)™ (15)

On the other hand, the sliding surface can be
considered as a chain of (n-1) first-order

low-pass filters. Therefore,

s=(i+ﬂ,)”_1e=kTe (16)
dt

or equivalently:

n=1{n—1 . .
s=(Laayle=y ( . j(ﬂ)fe("‘f‘” -
dt j=o\ J

"D 4 ke 4k, e (17)

where
_(n=1) oy -
k; = ; A’ for j=1,.,n-1. (18)

Equations (13-15) and (18) yield:

n—1 o (n=1) .
[ . ](l)’ < [ . ](60 ) (19)
J J
Therefore, we can write
A< (20)

Since @ =v—& such that & is a positive
real number (6 <v), we have

A<v 21)
and this completes the proof.

Definition: Define the rejection regulator in
the following form:
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n— . . .
R;’(é‘)= { i J(V_b)j if n>2, j=0l1,...n-1 (22)
1 ifn=1, j=0
where & and v are rejection parameter and the
same notations as defined in (8), respectivelly.

Now, according to the Eq. (22), consider the
sliding function in the following form:

o= S RIG) I (23)
Jj=0 ’

In most practical systems the nonlinear

functions f and g are unknown. Now let f

and g be estimates of functions f and g,

respectively. In order to design a controller,
that establishe the sliding condition, we need
the following assumption.

Assumption I: The upper bounds F, G, D
and functions M (x,6) and G,, are known,
such that:

|AfI<F, |Ag|<G, |d|<D, 0<G,(x)<g(x)
n-1 .

M(x,6) = xj— YR} (5)e" | (24)
j=1

where Af=(f—f) and Ag =(g-2).

Theorem 2 Consider the plant (1)and the
sliding surface (23). If the values F, G, D

and M as defined in assumption I, then the
sliding control law

u= é’l[—f+x2 —gR}’ (6)e" ) ~Tsgn(s)]  (25)
o
where,

2 S0 WD oy o

guarantees the sliding condition,
ssgn(s)<-n.
Proof. Consider the sliding surface
S R 51D — 1), SR 115D
5= YRI@L D =D TR (27)
J=0 J=
thus we have:
n—1 .
§= e(n) T ZR;}(é‘)e(”—J) (28)

Jj=1

Or

A n-1 .
$=f+glg 4 - LRI
j=1

n—1 i
28 Tsgn(s) - x&”) + 2 R} )" D +d  (29)

j=1
Therefore we have:

. -l .
S=N—-(g&" -1)f +(g&" - —Z;,R;?(é)e("fj))
J=

— g8 'Tsgn(s)+d (30)
(26) and (30) yield
ssgn ()= —(g&™ ~1)f +(g&” ~D) -

n-1 . A
ZR}Y(é‘)e(nf])) +dlsgi(s)—gg T<[Af —(g& ™ -1)f
j=l

+(gg” =D —"Z_IR_;? ()" )+ dlsgn(s)
j=l1

—i(F+M+D+n) (31)
G g

On the other hand, from assumption I, we have:

£, g -1kGe (32)
GL

By using the inequality of (31) and the
relations of (32), we have:

§5gn(s) < A 1+GE™ (7 X RN @) |+ ) +
|+ YEIVG e 33)
g

and this completes the proof.

Lemma 2: If 6 and R‘;? (6) are rejection

parameter and rejection regulator,
respectively, then
ok (n—1)!

—FR@ = RI(©)  (34)

(n—k-1)!
Proof. This lemma is proved by induction
method. Let k£ =1, thus:

L@ =2 No-0y =" w-o
a6 a5 j )" U
—j( n-1! Y5y =— n—D(n-2)!

Jn—j-=D! G-Dn—2—j+D!

-2 .
——(n—l)(’; 1j(v—&)f‘ =—(n-DR7}(5) (35)

v-9)"
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Therefore Eq. (34) is satisfied for k=1.
Assuming this relation is established for
k=p, i.e:

p_(n=D!
aa,p R} ()= (1)( R

R, (9) (36)

Now, let k= p+1. By using Eq (36) we have

o 0.0 0 (Y (=D,
os" K@= 65(65” ’@)_ag (n—p-1)! R @)
:(_l)p

(n—-1)! in—p—l (V_é‘)jfp:
(n-p-DI'os\ j-p

(n-1) (1=p-Div=5)"""

(n—p-1)

-1 (J=p)

iy (n-D){n—p-1) (n-p-2)v-5y""
(n-p-1)! (j-p-D{n-p-2-(j-p-D)
Therefore
ap+l + (I’l 1) n—(p+
27 R} (6)=(-1)" 1( 2),R, w6 (37)

and this completes the proof. O

If we consider the sliding equation in the
following form

n-1 .
s= Y RIS (38)
Jj=0

where 6(¢)

parameter, then this equation defines a time-
variant sliding equation. In the next sections
the sliding equation is assumed to be time-
variant as defined in (38). Since in practical
systems there are always uncertainties in the
dynamical equations, the free models and
identification methods are used in sliding
mode control approach for improving the
performance and avoiding the effects of
perturbation and uncertainties in
mathematical models. Wavelet networks, for
approximation of nonlinear functions are well
established [5], [6].

is the time-variant rejection

4. Analysis

4.1 Wavelet networks

Wavelets are especial kinds of functions
which exhibit oscillatory behavior for a short
period of time and then die out. They are
obtained by using shift-invariance and dyadic
dilation of a mother wavelet function
w €V and extended by the basic properties of

G-pln—p-1-j+p)!

Multi-Resolution Analysis [5]. Let w be a

mother wavelet function, that has a unit
length. All the functions y/,, are defined as

ik =2"2y @ x-b), jkeZ  (39)

where w;; have unit length also. If the
family {y;,} is an orthogonal basis of

V'then we can define a wavelet series
expansion that is uniformly convergent to

f(x)eV, in I*(R) [6]. That is

1f@= 3 3 duy 4 (0) =0 (40)

j=—ook=—oc0

where

dy =< fy;x>=[" w4 (x)dx (41)

wavelet network is a class of neural network
consisting of wavelets. We can use the
wavelet network for approximation of
nonlinear functions. Let

Sx8)= ZZ V() =0'W), J.K eZ  (42)

J=hk=K]
Where
0=(0 ] ] 0, x ) eRY
Jl’Kl,..., Jl’Kz,..., JZ,KI,..., J2,K2
as N=(J,—J +1)(K,-K, +1) and

T
W) = W kp oWy Ky oWy Ky oWy Ky )
The wavelet network f(x,0) can be used to
approximate f(x) to any desired accuracy

[6], [18]. By using the tuning laws and
learning algorithms, the best values of
0, for j,k€Z may be estimated such that

desired accuracy is obtained. There are a
number of methods for constructing
multidimensional wavelets, in both single
scaling and multiscaling forms. In the single
scaling multidimensional wavelet, a single
dilation parameter in all dimensions is used.
In the multiscaling multidimensional wavelet,
an independent dilation parameter in each
dimension is used. A multidimensional
wavelet can be built by tensor product of one
dimensional wavelet function. i.e.:

y(X) =y (x)p(x,). p(x,) forx=(x,..x,). (43)

We have selected Mexican Hat wavelet
function, as wavelet network basis functions.
Accordingly, based on data set, the dilation
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value is chosen. Some wavelet candidates
corresponding to  various translation
parameters are often redundant for
constructing wavelet network approximator.
So the OLS algorithm for purifying the
wavelet candidate and estimating initial
values of the wavelet network coefficients is
used [18]. Translation parameters are
considered as learning parameters of the
network. In this paper, the EKF (Extended
Kalman Filter) algorithm for incremental
training the learning parameters is used. The
tuning laws for adjusting the coefficients of
wavelet expansion are presented in the next
theorem. For designing the neural wavelet
control, u,,,,wavelet approximations of the

functions f and & are implemented. Also
for adjusting the adaptive filters, rejection
regulator are tuned by using the next
theorem. Such away that the effects of the all
un-modeled frequencies of the systems are
reduced considerably, while preserving the
stability and robustness of the systems.
Consider the following sliding surface

n—1 .
s=e"+ Y RI(S)e "D, (44)
j=1

According to the lemma 2 , we can write

n—1 a . n-l -] n—j—
ZgRj’.’(é')e(” I =—(n-1)Y R (5)"" (45)
Jj=1 J=1

therefore:
S" = e" + gR]ﬂ (5)6(”7‘/) _(n _ 1)5§Rjﬂ:ll (5)6(/171'71) (46)
A =
Substituting (1) into (46)
n—1 .
s=f(x)+gxu+d- xf,”) + 2R} (8)e" ) —
j=1

. n_l .
~(n—1)6) RI-(5)e" ™ 47)
J=

Now we define
u=— [ f 42— SRIG)E ~ (o, 5)] (48)

nw J=1

In this paper, hyperbolic tangent function is
used instead of saturation function, i.e.:

®(o, s) = tanh(o s) 49)

such that u,,, £, =6, W and g, =6, W

are wavelet approximations of the ideal

nw?

controller, ' and g respectively. Also define
the parameters 0, € R* and 0, € R" of the
best function approximation as

{Supllf(X)—f,m-(X,ﬁf)l} (50)

xeQ,

0* .
=arg min
! gﬁf eQ

0], =arg min {sup | 20 - g,,(%,0,) |} (51)

g | xeQ,

where

Q,={0,:10,|<M,] and
Qg:{Og: ||9g|\sMg} are constraint sets of
suitable bounds on 0, and@,, respectively,
such that M, and M, are specified by
designer. If 8, and O, are estimates of 9_*,

and 0,, respectively, that are obtained by

wavelet network approximator then we define
Su®) =) W) and g,,(0)=0,)" W) (52)
Thus (47) can be rewritten as

$= U= o) ¥ (@o = g + & +Egu+d

n—1 .
—(n=-16Y, R;’:ll (8)e" 7™ —sTtanh(o s) (53)
=1

where, U=y, E=f—Ffm and
&, =g-g,,- If we define 0= ij -0, and
0;=0,-0, then 0, =—9/;, 0, =0z and

also

n-1

S§= BJEW + (%Wu +e&(t)—(n— 0% > R7:11 (S) =i
j=1

—sTtanh(o s) (54)
so that, &(1) =&y +Spu+d.

Theorem 3: Consider a nonlinear system and
the sliding surface described by Eqs (1) and
(44), respectivelly. If the wavelet robust
sliding-mode controller is designed as
equation (48) and (49), in which the
following tuning laws

msW lf(Hef ||<Mf)
- or(I0, =M. WO, <0) (o
B if(16, =M, (sW'8, >0))
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17,sWu (18, [<M,)
9g _ or(||6, [FM,, (suVVTE)g <0)) (56)
B0, M, (uWo, >0)

where P, and P, are projection operators,

that is defined as

UISWTBf
Pf =771SW— 5 f 771 >O. (57)
10/ |
and
T
17,SuW" 0
Py =mysWu - 50, 7,>0. (58)
104l
and also

. n-1 .
S=n; sgn(s) LRI ()" >0, (59)
J=1

and

T =n,s tanh(c.s), 174 >0. (60)

are defined, then tracking error will converge
to zero asymptotically.

Proof: Consider the Lyapunov function in
the following form

r=12v L olo v Lolo, e 12 (61)
2 o ST o, 2

Differentiating equation (61), with respect to
time, yields
; S B 1 7. 1 . 62
Vo=ss+—000,+—0L0; +—17 (62)
m Up) UK]

. nil .
V=507 W+0, Wu+ (1)~ (n=1)0p R(5)e" ™) -

J
j=1

1 7 | B 1.
—sTtanh(c s) + —9;97 +—070, +—TT =
Ul /2

3

1. 1.
= 9§(SW+;9;,) +07 (sWu +770g,)+s(6(t)) -
1

2

—s(n— 1)5"2_1:12;;‘ (&)™ + (iTT' —sTtanh(cs)) (63)
j=1 T,

Since éfz—é} and 0,=-0, therefore by
implementing the equations (55)-(60) in
equation (63), we have

. n-1 .
V<—|s|(n-DI YR (8)e" VT
j=1

+]slle@)] (64)

If e(0) is bounded then according to the
theorem 1, the sliding function (44) with
Hurwitz  characteristic =~ polynomial is

bounded. So e(r) and iRj’?:f(g)eW-f-l) are
Jj=1

bounded. Therefore se L, and there exists a
real positive number M, such that

n— n—j— M >
| R} (8)e" ™ ISTil~ (65)

Relation (64) can be rewritten as:
V<—|s|.Mj+]|s|e@)] (66)

By integrating both sides of (66) and by some
manipulation, we have

) g|s(r)|drsMi§[V(0)+V(t)]+|ﬁz [\le@)dr.  (67)

According to the universal approximation
theorem and the assumption of bounded
external disturbances, x is bounded and
cel,. If ¢eL, then from (67) we have

seL,. Moreover, the adaptive laws in (55)
and (56) guarantee that 6, €Q, and

0, €Q, . This implies that all variables on

the right hand side of (46) are bounded,
therefore s € L, . By using the corollary of
Barbalat's Lemma [14], we have |s|—> 0, as
t —> o, From (66), if ¢=0, it is clear that
V£—|s|.M§ <0 else, the fact that |s|—>0
implies that ¥ <0. From (66) and (44) only
possible condition for ¥ =0 when |s]— 0,

is e= 0. In this case, the tracking error is or
approach to zero and this completes the proof.

4.2 Fuzzy boundary layer

In the sliding-mode control, the abrupt
change of sign of the term Tsgn(s) produces
chattering. To avoid this drawback, the
boundary layer from both sides of the sliding
surface s=0 is introduced. If the state of
system is out of the boundary layer, then by
using the reaching condition the state reaches
to the inside of the boundary layer. The fixed
boundary layer usually does not guarantee the
precise tracking. So, in this paper, a varying
boundary layer is considered. It is clear that,
absolute value of the control signal is
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dependent to distance d between the actual
state and the line perpendicular to the
switching surface s=0. Such that, |u]

should increase as d grows [10]. According
to (44), let

_ (RY(O), R (), RY (D))
| (RG (8), R (8)serrs RE_1(5)) |

(68)

be the unit normal vector of the sliding
surface in the (n-1)-dimentional phase

plane. Therefore we have:
s = (R§ (), R (8),..s Ry_1(5)) |2y (69)

According to the Eq. (69), s is a multiple of
the projection of the state vector € on the
direction of the vector a,, which is the
directional distance from e to the sliding
surface. Therefor the shortest Euclidean
distance d between e and the direction of
a, is:

d(.e) =yl e|f -’ (70)

Thus, the distance d is dependent to
rejection parameter,d and the error state
vector. By using the tuning law in (59), o is
tuned subject to the tracking error be
decreased. Therefore s and d are adjusted so
that d be decreased. Now by using the
following fuzzy system the proper variable
boundary layer parameter o is estimated.

IF's,.., is Lingrar THENGy,.  is Lingvar (71)

Where s4,.., and o, are fuzzified values

of s and o, respectively, that have any

linguistic variables (Ling.var), as is shown in
the following rule base table:

Table 1. Fuzzy rule base.

Sfuzzy ZE | SM | ME | BI

O4zy | BI | ME | SM | ZE

Where the sets of fuzzy quantities are ZE:
zero, SM: small, ME: medium and BI: big.
This fuzzy system adopts absolute value of
sliding surface 5], input and the boundary

layer parameter 5, as output. This fuzzy

system tunes the boundary layer width in the
control law. Figure 2 shows the effect of

variation of 0 on the boundary layer width.
As 0 gets larger the width of boundary
layer becomes narrower. Figure 3 shows the
configuration of the wavelet robust control
by fuzzy boundary layer via time-variant
sliding surface.

1

0.5-

Tanh(sigma.s)
=

-0.5-

3 4

Figure 2. Variation of the boundary
layer. parameter

Flant can i
N + Xy
R R R Tt T ¢ Ea—
Wavelet robust conirel by fuzzy houndary layervia time-
variant sliding surface
1 -l 1%
- _ i e T
u PN Sl |81 17 +§R§(5)e Ttanh@r.s)_
n-l . T Fuzzy Boundary
— 5= ER?(:S)Q(”_J_U »| Layer Parameter
Tnitial i &
value
T(0) Tuning Laws
8,0 — 8= peW
0,0 > . By = W
() i I?Biflanhﬁrs) . «—
a0 & = gy sgnl)y, R
J=1

Figure 3. Configuration of the wavelet robust
control by fuzzy boundary layer via time-variant
sliding surface.

5. Example

The inverted pendulum is a classic problem
in dynamics and control theory. It is widely
used as benchmark for testing control
algorithms. In this section an example in
inverted pendulum plant is presented. We
compare WRCFBL method and the methods
presented in [4] and [8]. Without loss of
generality, we consider v = 20.

5.1 Formulation

The dynamic equation of the inverted
pendulum system, is stated in the following:
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mlx* cos(x)sin(x)
M+ m

4 mcos(x)’ )

3 M+m (72)
cos(x)
M+m

l(ﬂ B mcos(x)z)

3 M+m

. gsin(x)—

x=

L(
u+d

where g=9.8m/s*>, M and m are the

acceleration of gravity, the mass of the cart and
the mass of the pole, respectively, and L is
half-length of the pole. To demonstrate the
performance of the presented method, the
Mexican Hat function w(x) = (I1—x? )e’)‘z/ 2 as
our wavelet basis function is selected.
Accordingly, based on data set x,, dilation and
translation parameters are assigned as
jel-5-4..45 and  kei{-10,..,10},
respectively. After implementing the OLS and
EKF algorithms for purifying and training the
wavelet network parameters, the WRCFBL
tuning laws for tuning the network coefficients,
are implemented. The performance index is the
integral of absolute error:

IAE = [ 7| e() | dt. (73)

Table 2. Dilation value and number of translations.

Dilation parameter, j ol11213] 4

Number of translation | 1 | 2 | 4 | 8 | 10

For designing the fuzzy boundary layer rule
base, the membership function for |s| and &

are given in Figures 4 and 5, respectivelly.
The simulation results are shown in Figures
6-12. Figures 6 and 7 show that the state of
system tracks the desired trajectory quicker
than in [4] and [8] while, the absolute value
of the control signal is less than in [4] and [8]
(see Table 3). The proposed controller is
robust to the time-variant mass of the cart and
length of the pole. Figure 8 shows the
variation of rejection parameter o, for tuning
the chain of the (n-1) adaptive first-order

low- pass filters in (44). Figure 9 shows the
variation of sliding function. Figure 10
indicates the variation of the fuzzy boundary
layer parameter,o. Figures 11 and 12
indicate the variation of the control gain
parameter and the performance index, IAE.
To illustrate the effectiveness of the proposed
method, the results of this example are
compered with those of other methodologies
in Table 3.

Table 3 Benchmarks for controller performance.

Criterion GA_MAFSMC[4] AFSMC [8] The proposed method
Number of fuzzy rules _ 36 4
Control signal, u —-13.2<u <396 | —-120<u <15.701 | —109.4425 <u <12.4255
IAE 0.4753 0.37201 0.3414
Let the desired trajectory bex,; =0. For the
convenience of simulation, the external RO B
disturbance 4 is assumed to be a square wave B
with amplitude +0.05 and period 27 Let, %0'8
L=0.5+0.3sin(30¢), M =1+0.05sin(30¢) E“-“
=
5.2 Results g
The initial parameter values are selected as 3"
x(0)=7x/18, x(0)=0, 6(0)=3, 7n=10, 0

o(0)=3,and T(0)=36.4. Also, let M, =30
and M g =20.The dilation value, j, and the

number of translation parameters for each
dilation, presented by OLS method, are given
in Table 2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.

Figure 4. The membership function for | s |.
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6. Conclusion

In this paper, a wavelet robust control by
fuzzy boundary layer via time-variant sliding
surface for a class of uncertain nonlinear
systems is proposed. New terminologies,
rejection parameter and rejection regulator,
those are adjustable, for defining the time-
variant sliding surface are introduced.
Wavelet network based on the multiscale
analysis, synthesis properties and the learning
abilities presents the well approximation of
nonlinear functions. The wavelet network
coefficients, control gain parameter and
rejection regulator are tuned independent of a
priori knowledge of the system. Since, the
tracking precision is not guaranteed by using
the saturation function, so, instead of the
saturation function a hyperbolic tangent
function is used. A fuzzy system that adopts
absolute value of sliding surface as input and
the boundary layer parameter as output is
defined. Control system stability is
guaranteed using the Lyapunov method. By
using the proposed controller, based on the
time-variant sliding equation and varying
boundary layer, all un-modeled frequencies
are adaptively filtered. Also the effects of the
wavelet approximation errors and the external
disturbance on tracking performances are
attenuated efficiently. The control input
chattering does mnot occur. Simulation
example illustrates the superior performance
and the advantages of the proposed method.
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