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1. Introduction
In this paper let us consider the nonlinear unconstrained optimization problem

min{f(x):xeR"}, (1

where f: R" — R is a continuously differentiable function, bounded from below. As we know, for
solving this problem, starting from an initial guess X, € R", a nonlinear conjugate gradient method,

generates a sequence {xk} as
X, =x,+od,, ()
where «, > 0 is obtained by line search, and the directions d . are generated as

di==8+ B, dy=-g,. 3)
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In (3) ﬂk is known as the conjugate gradient parameter, S, =X, ,, —X, and g, = Vf (x, ) . Consider

”” the Euclidean norm and define y, = g, ., — &, . The line search in the conjugate gradient algorithms

often is based on the standard Wolfe conditions:

[ +ad) - f(x) < paygid,, 4)
giad, 20g/d,, (5)

where d . is a descent direction and 0 < p < o <1. Plenty of conjugate gradient methods are known,

and an excellent survey of these methods, with a special attention on their global convergence, is given by
Hager and Zhang [18]. Different conjugate gradient algorithms correspond to different choices for the
scalar parameter ﬂk. The methods of Fletcher and Reeves (FR) [15], of Dai and Yuan (DY) [11] and the

Conjugate Descent (CD) proposed by Fletcher [14]:

T T T
ﬁFR _ 8in8ka py _ 8r+18k+1 cp _ 18k
— SkH1Sk+l Sklokd - g Sk+lSk+l
Vi Sk

k T ’ k T
&k 8k ~8k Sk
have strong convergence properties, but they may have modest practical performance due to jamming. On

the other hand, the methods of Polak — Ribiére [23] and Polyak (PRP) [24], of Hestenes and Stiefel (HS)
[19] or of Liu and Storey (LS) [21]:

T T T

prp i1k s rak s i

k - T H kT T s kT T >
8 8k Vi Sk —8k Sk

in general may not be convergent, but they often have better computational performances.

In this paper we focus on hybrid conjugate gradient methods. These methods are combinations of
different conjugate gradient algorithms, mainly they being proposed to avoid the jamming phenomenon
and to improve the performances of the above conjugate gradient algorithms. One of the first hybrid
conjugate gradient algorithms has been introduced by Touati-Ahmed and Storey [27], where the

parameter ﬂk is computed as:

T
8, .
e =Bkl g < prrr < [R’

S el k
,BTS— 8
=

2
e _ |gia]
kT 2
e

The PRP method has a built-in restart feature that directly addresses to jamming. Indeed, when the step

otherwise.

S, is small, then the factor ), in the numerator of ﬂkp * tends to zero. Therefore, ﬂ: " becomes small

and the search direction d «+1 18 very close to the steepest descent direction —g,,,. Hence, when the

iterations jam, the method of Touati-Ahmed and Storey uses the PRP computational scheme.
Another hybrid conjugate gradient method was given by Hu and Storey [20], where /3, in (3) is:
B = max{O,rnin{ A :R}} .

As above, when the method of Hu and Storey is jamming, then the PRP method is used instead.

The combination between LS and CD conjugate gradient methods leads to the following hybrid method:
5D = max{O, min{ - ,(CD}} .

The CD method of Fletcher [14] is very close to FR method. With an exact line search, CD method is
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identical to FR. Similarly, for an exact line search, LS method is also identical to PRP. Therefore, the
hybrid LS-CD method with an exact line search has similar performances with the hybrid method of Hu
and Storey.

Gilbert and Nocedal [16] suggested a combination between PRP and FR methods as:

GN __ FR . PRP FR
k —max{— . ,mm{ LB, }}

Since ﬂkF ®is always nonnegative, it follows that ,BkG V' can be negative. The method of Gilbert and

Nocedal has the same advantage of avoiding jamming.

Using the standard Wolfe line search, the DY method always generates descent directions and if the
gradient is Lipschitz continuously the method is global convergent. In an effort to improve their
algorithm, Dai and Yuan [12] combined in a projective manner their algorithm with that of Hestenes and
Stiefel, thus proposing the following two hybrid methods:

hDY __ DY : HS DY
B —max{—c f ,mm{ LB, }}
hDYz : HS DY

A =max{0,m1n{ > By }}

where ¢ =(1-0)/(1+ o). For the standard Wolfe conditions (4) and (5), under the Lipschitz continuity

of the gradient, Dai and Yuan [12] established the global convergence of these hybrid computational
schemes.

In contrast to the hybrid methods :DY and ﬂ:DYZ in this paper we propose another hybrid conjugate

gradient where the parameter /3, is computed as a convex combination of B and B . We selected

these two methods to combine in a hybrid conjugate gradient algorithm because HS has good
computational properties, on one side, and DY has strong convergence properties, on the other side. HS

method automatically adjust ﬂk to avoid jamming, often this method performs better in practice than DY

and we use this in order to have a good practical conjugate gradient algorithm. The structure of the paper
is as follows. In section 2 we introduce our hybrid conjugate gradient algorithm and prove that it
generates descent directions satisfying in some conditions the sufficient descent condition. Section 3
presents the algorithm and in section 4 we show its convergence analysis. In section 5 some numerical
experiments and performance profiles of Dolan-Moré [13] corresponding to this new hybrid conjugate
gradient algorithm versus some other conjugate gradient algorithms are presented. The performance
profiles corresponding to a set of 750 unconstrained optimization problems in the CUTE test problem
library [7], as well as some other unconstrained optimization problems presented in [1] show that this
hybrid conjugate gradient algorithm outperforms the known hybrid conjugate gradient algorithms.
However, the comparisons between our algorithm and CG_DESCENT by Hager and Zhang [17] show
that CG_DESCENT is more robust. On the other hand, comparisons with LBFGS by Liu and Nocedal
[22] show that limited memory LBFGS is top performer.

2. The Hybrid Conjugate Gradient Algorithm as a Convex Combination
of HS and DY Algorithms

Our algorithm generates the iterates X, X;, X,,... computed by means of the recurrence (2), where the

stepsize &, > 0 is determined according to the Wolfe conditions (4) and (5), and the directions d , are

generated by the rule:

c
Ay = =8n T B Si dy ==& » ©)
where
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T T
ﬂkC — (l—ek)ﬂkHS + ekﬂkDY — (l_ek) gk;lyk +Hk gk+;gk+l (7)

Vi Sk YieSk
and 9k is a scalar parameter satisfying 0 < 91« <1, which follows to be determined. Observe that if
6, =0, then ﬂkc = ,fls,andif 6, =1, then ﬂkc = kDY. On the other hand, if 0 <6, <1, then ﬂkc

. o HS DY
is a convex combination of B, and S, .

The HS method has the property that the conjugacy condition y,{d 11 = 0 always holds, independent of

the line search. With an exact line search ﬂkH 5 = kP e Therefore, the convergence properties of the HS

methods are similar to the convergence properties of the PRP method. As a consequence, by Powell’s
example [25], the HS method with the exact line search, for general nonlinear functions, may not
converge. The HS method has a built-in restart feature that addresses directly to the jamming

phenomenon. Indeed, when the step X, ,, —X, is small, then the factor y, = g,., — g, in the numerator
of ﬁkH % tends to zero. Hence, ﬂkH % becomes small and the new direction d .1 1s essentially the steepest
descent direction —g, .,. The performance of HS method is better than the performance of DY [5,18].

The DY method, on the other side, always generates descent directions, and in [8] Dai established a

remarkable property for the DY conjugate gradient algorithm, relating the descent directions to the
sufficient descent condition. It is shown that if there exist constants ), and J, such that

7, < H g, H <y, forall k, then forany p € (0,1), there exists a constant ¢ > 0 such that the sufficient
2

descent condition gl.T d, < —cHgl.H holds for at least \_ pk J indices 7 € [0, k], where \_ ]J denotes the

largest integer < .

Clearly, from (6) and (7) it is easy to see that

T T
Vi 8 8118+
diy=-ga+t(1-6,) ka1Sk+0k kl klsk- ®)

T
&Sk Vi Sk

In our algorithm the parameter Hk is selected in such a manner that the direction d w1 given by (8) is

equal with the Newton direction d ,ﬁl =-V’ f(x,, )_1 8.1 - Therefore, from the equation

r T
_sz(xkﬂ)_l i1 = ~8in + (1 - Hk) Vi Eist A\ + 9k —gk+lgk+l Sy,

T T
& Sk Vi Sk

after some algebra, we get

T
Slfvzf(xkﬂ)gkﬂ _SkTgk+1 _ ;gkﬂ SkTvzf(xkﬂ)Sk
_ Vi Sk
6, = . )

T T

8in& Vi &

|: k+; k+1 kT k+1 :|SZV2f(xk+1)Sk
Vi Sk Vi Sk

However, in this formula the salient point is the presence of the Hessian. For large-scale problems,
choices for the update parameter that do not require the evaluation of the Hessian matrix are often
preferred in practice to the methods that require the Hessian in each iteration. Therefore, in order to have

an algorithm for solving large-scale problems we assume that the pair (Sk, yk) satisfies the secant

equation V> f(x,,,)s, = ¥, . This leads us to:
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T
ek — Sk 8k ) (10)

T
8 it

Obviously, using (10) in (8) our direction can be expressed as:

dii ==0n&is (11)

where

0., :]_(1+ S Eian jskykr n St &ie Si&i (12)

T T T T
8k 8kn ) VSt 8r8rn ViSk

is another rank two approximation to the inverse of the Hessian. As known, the secant equation does not

hold exactly in non-quadratic problems. Zhang et al [28] proved that if "Sk” is sufficiently small, then

SiV2f(x,.,)8, =5, ¥, =O(||sk||3). Therefore, the direction (11) is an approximation of the Newton

direction. A major difficulty with this approach is that the matrix (), defined by (12) is not symmetric and

hence not positive definite. Thus the corresponding directions are not necessarily descent and numerical
instability can result. This is the price we must pay by using the secant equation in (9) to get (10). With

exact line searches (SkT 2 =0), dk 1 =—0,,,8,.,, reduces to the Hestenes and Stiefel method.

Theorem 1. Assume that d « IS a descent direction and  in algorithm (2) and (8), where Hk is given

by (10), is determined by the Wolfe line search (4) and (5). If 0 < 9k <1, and

(yzgk+l )(SkTng)
J’kTSk

<Jgeal (13)

then the direction d w+1 8iven by (8) is a descent direction.

Proof. From (8) and (10) we get

T 2 T T T
ng+1dk+1 :_{1_’_ T(Skgk+1)T }”gkﬂ 2, (e gk+12('skgk+1) {lﬁ- SkTgk+1 } (14)
(& &) isy) Sk 8 8
Since s, g, <0 it follows that 5, g, ., = V5, +5, &, <V} 5, i.e.
T
% <. (15)
Vi Sk
On the other hand, 0 < 6, <1, hence
STg
0<1+—L2HL <1, (16)
8 8rn
Therefore, using (13) we have
T 2 T
T (5; &) 2 Sk st 2
i S_[H' } 8 "{1"'—} 8
(gzgk+1)(ylfsk) ” ” 1? K+l ” ”
T T
St 8+ Sy 8 2
=—[ T ‘J{ o _1}”&”1” <0 (17)
8 8 Vi Sk

proving that the direction d, _, is a descent one. m
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Theorem 2. Assume that the conditions in Theorem I hold. If there exists a constant ¢, >0, so that

0< ¢ < 9k <1, then there exists a constant O > 0 so that

2

gindi <=0|gal (18)

i.e. the direction d w1 Satisfies the sufficient descent condition.

Proof. From (17) we have

T T

S, en | S 2

g/ildkﬂ < _( krgk : j( kTgk j"ghl” (19)
8r 81 J\ Vi Sk

Since  y;s, >0 and s, g, <0, it follows that there exists a constant ¢, >0, so that

grs, <—c,(¥/5,)<0. On the other hand, since 1>6, >¢, >0, then s, g,,, <—c (gl g.,)-

Therefore, from (19) we have

T T
ng+1dk+1 = _(%j (Skrﬁj”g/m”z <—¢c, ||gk+1||2 = _5||gk+1|
i &k )\ Vi Sk

2

2

where 0 =¢,c, >0. m

The parameter Hk given by (10) can be outside the interval [0,1]. However, in order to have a real

convex combination in (7) the following rule is considered: if t9k <0, then set t9k =0 in (7), ie.

,Bkc = ,f[S; if @, 21, then take 6, =1 in (7), ie. ,Bkc = kDY. Therefore, under this rule for 6,

selection, the direction d «+1 10 (8) combines the HS and DY algorithms in a convex way.

3. The HYBRID Algorithm

Step 1. Initialization. Select X, € R" and the parameters 0 < p < o <1. Compute f(x,) and g,.

Consider d, = —g, and set @, = 1/||g0||.
Step 2. Test for continuation of iterations. If ”gk ”OO <107 , then stop.

Step 3. Line search. Compute ¢, > 0 satisfying the Wolfe line search conditions (4) and (5) and update

the variables X, ,, = x, +a,d, . Compute f(x,,,), g&,,, and S, =X, , =X, , V, =&, — &;-
Step 4. O, parameter computation. If ng g4 =0, thenset &, =0, otherwise compute &, as in (10).

Step 5. ﬂkc conjugate gradient parameter computation. 1If 0 < 91« <1, then compute ,Bkc as in (7). If

0, >1,thenset B =B 1f 6, <0, thenset B = Bi°.
Step 6. Direction computation. Compute d = — gat ﬂkc S, . If the restart criterion of Powell

‘ngHgk‘ 2 O'2||gk+1 ”2 (20)

is satisfied, then restart, i.e. set d,,, =—g,,, otherwise define d,,, =d . Compute the initial guess

O = Ay Hdk—l H/Hdk

, set k = k +1 and continue with step 2. ®
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It is well known that if f"is bounded along the direction d « then there exists a stepsize ¢, satisfying

the Wolfe line search conditions (4) and (5). In our algorithm, when the Powell restart condition is
satisfied, then we restart the algorithm with the negative gradient — g, ,,. Under reasonable assumptions,

conditions (4), (5) and (20) are sufficient to prove the global convergence of the algorithm.

The first trial of the steplength crucially affects the practical behavior of the algorithm. At every iteration
k >1 the starting guess for the steplength ¢, in the line search is computed as &, _, Hd e H2 / Hd i H2

This selection was used for the first time by Shanno and Phua in CONMIN [26]. It was also considered in
the packages: SCG by Birgin and Martinez [6] and in SCALCG by Andrei [2,3,4].

4. Convergence Analysis

Assume that:

(i) The level set S = {x eR": f(x)< f(xo)} is bounded.

(i) In a neighborhood N of S, the function [ is continuously differentiable and its gradient is
Lipschitz continuous, i.e. there exists a constant L>0 such that "Vf (x)-Vf (y)"SL"x—y” Sor all
X,y€N.

Under these assumptions on f~ there exists a constant I" > 0 such that ”Vf (x)|| <T forall x€S.

In [10] it is proved that for any conjugate gradient method with strong Wolfe line search the following
general result holds:

Lemma 1. Suppose that the assumptions (i) and (ii) hold and consider any conjugate gradient method (2)
and (3), where d  is a descent direction and @, is obtained by the strong Wolfe line search

f(xk+akdk)_f(xk)gpakg:dk’ (21)
‘glcT+1dk‘ <og,d;. (22)
If
1

;W =00, (23)
then

liminf |g,[=0. = (24)

k—o

For uniformly convex functions which satisfy the above assumptions we can prove that the norm of d P

generated by (8) and (10) is bounded above. Thus, by Lemma 1 we have the following result.

Theorem 3. Suppose that the assumptions (i) and (ii) hold. Consider the algorithm (2), (8) and (10),
where d,,, is a descent direction and @, is obtained by the strong Wolfe line search (21) and (22). If

Jor k=0, 0< 8, <1 and there exists the nonnegative constant 1, such that

Jgwll < mlsil. (5)

and the function f is a uniformly convex function, i.e. there exists a constant f >0 such that for all

x,yes
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(V) =V ) (x=p) 2 ulx—), (26)

then

limg, =0. 27

k—o0

2
Proof. From (26) it follows that y, s, > ut|s, | . Now, since 0 <8, <1, from uniform convexity and
YiSi = K|Sk k
(25) we have:

‘ﬂk‘<|ykgk+l |gk+1gk+1 ||gk+1||||yk|| ’71||Sk|| 28)

s T s 1™ s Pl
But ”yk” < L”Sk” , therefore

‘ﬁk‘_ o

alsd uls]
Hence, with (28) we have
I'L
Il < gl + |8 I < T+ ;771

which implies that (23) is true. Therefore, by Lemma 1 we have (24), which for uniformly convex
functions is equivalent to (27). m

For general nonlinear functions the convergence analysis of our algorithm exploits insights developed by
Gilbert and Nocedal [16], Dai and Liao [9] and by Hager and Zhang [17]. Global convergence proof of
the HYBRID algorithm is based on the Zoutendijk condition combined with the analysis showing that the

sufficient descent condition holds and ”d 3 ” is bounded. Suppose that the level set S is bounded and the

function f  is bounded from below. Additionally, assume that there exists a constant > 0, such that

r<led-

Theorem 4. Suppose that the assumptions (i) and (ii) hold and for every k > 0 there exist the constants
120 and ®=0 such that: ”ng” S77||Sk|| and ”ng” < co||gk||2 /||Sk||2. If d, is a descent
direction and Vf(x) is a Lipschitz function on S, then for the computational scheme (2), (8) and (10),
where 0<c, <6, <1 and &, determined by the Wolfe line search (4)-(5) is bounded, either g, =0

for some k or

liminf g, | = 0. (29)
k—0

Proof. Since 0 < 6, <1 we can write

s i s Bl ) o

By the Wolfe condition (5) we have:
T T T T
Ve =i — &) s, 2(0-Dg s, =—(1-0)gs, .
On the other hand, since 0 < q < 9 <1, then from theorem 2 there exists the constant & >0 such

that, g, s, < 5||gk|| .Therefore, y, s, = (1- 0')5||gk|| Hence,
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”gk+1||S ||gk+l|| Lo 1 .
vse  (1-0)s|g [ A=0)S|s,[f

On the other hand, from Lipschitz continuity we have H Vi “ = H S — & H < LHS B H

With these, from (30) we get

olL+n) 1 \
"B"‘ )5 ” ” [ ” k” 77” k”] (1-0)8 ||Sk|| (31

Now, we can write

o(L+n)
||dk+1|| = ||gk+1||+‘ﬂkcH|sk ” = F+m~ (32)

Since the level set S is bounded and the function f is bounded from below, from (4) it follows that

Id,
Z(g )

+o0 (33)
e

2
i.e. the Zoutendijk condition holds. Therefore, the descent property ngsk <=0 ” g ” yields:

zllgkll 3l
< ) o,
5 sl

k0||sk|| Sl &

which contradicts (32). Hence, ¥ = liminf ” g ” =0. m
k—0

5. Numerical Experiments

In this section we present the computational performance of a Fortran implementation of the HYBRID
algorithm on a set of 750 unconstrained optimization test problems. The test problems are the
unconstrained problems in the CUTE [7] library, along with other large-scale optimization problems
presented in [1]. We selected 75 large-scale unconstrained optimization problems in extended or
generalized form. Each problem is tested 10 times for a gradually increasing number of variables:
n=1000,2000,...,10000. At the same time we present comparisons with other conjugate gradient
algorithms, including the performance profiles of Dolan and Moré [13]. All algorithms implement the

Wolfe line search conditions with p =0.0001 and o = 0.9 . The same stopping criterion H g Hw <107%is

used, where ||||oo is the maximum absolute component of a vector. The comparisons of algorithms are

ALGT and fiALG2 be the optimal value found by ALGI and ALG2,

for problem i=1,...,750, respectively. We say that in the particular problem i, the performance of
ALG1 was better than the performance of ALG2 if:

given in the following context. Let fl

‘fiALGl _ f;ALGz‘ <107 (34)

and the number of iterations, or the number of function-gradient evaluations, or the CPU time of ALGI
was less than the number of iterations, or the number of function-gradient evaluations, or the CPU time
corresponding to ALG2, respectively. In this numerical study we declare that a method solved a particular
problem if the final point obtained has the lowest functional value among the tested methods (up to

107 tolerance as it was specified in (34)). Clearly, this criterion is acceptable for users that are interested
in minimizing functions and not finding critical points.
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All codes are written in double precision Fortran and compiled with 77 (default compiler settings) on an
Intel Pentium 4, 1.8GHz workstation. All these codes are authored by Andrei.

In the first set of numerical experiments we compare the performance of HYBRID to the HS and DY
conjugate gradient algorithms. Figures 1 and 2 present the Dolan and Moré CPU performance profiles of
HYBRID versus HS and DY, respectively.

0.9r
08y HYBRID
0.7r q
Hestenes-Stiefel (HS)
06L HYBRID HS = i
’ #iter 278 243 183
#ig 285 314 105
05l cpu 434 188 &2 |
04r q
CPU time metric, 704 problems
0-3 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

1 L T T T T T T T ]
0.9} /
08r
HYBRID
0.7r -
06k Dai-Yuan (DY) i
HYBRID DY =
05l #iter 435 79 188 |
’ #g 395 193 114
cpu 536 102 64
04r q
0.3r ] ] 4
CPU time metric, 702 problems
0_2 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

Figure 2. Performance based on CPU time. HYBRID versus Dai-Yuan (DY).

When comparing HYBRID to HS (Figure 1), subject to the number of iterations, we see that HYBRID
was better in 278 problems (i.e. it achieved the minimum number of iterations in 278 problems), HS was
better in 243 problems and they achieved the same number of iterations in 183 problems, etc. Out of 750
problems, only for 704 problems does the criterion (34) hold. Similarly, in Figure 2 we see the number of
problems for which HYBRID was better than DY.The second set of numerical experiments refers to the
comparisons of HYBRID with other known hybrid conjugate gradient algorithms: hDY, hDYZ, GN,
HuS, TS and LS-CD. Figures 3-8 present the Dolan and Moré CPU performance profiles of these
algorithms, as well as the number of problems solved by each of these algorithms in minimum number of
iterations, minimum number of function evaluations and minimum CPU time, respectively.
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09r

0.8k HYBRID _

0Tk b

hybrid Dai-Yuan (hDY)

06k HYBRID hDY =
Hiter 298 227 164
#g 304 272 113
05k cpu 450 161 78

04 1
CPU time metric., 689 problems

2 4 6 8 10 12 14 16

Figure 3. Performance based on CPU time. HYBRID versus hybrid Dai-Yuan (hDY).

09
08k HYBRID
HYBRID hDYz =
#Hiter 247 224 226
07 #g 248 290 159 A
cpu 452 156 B89
0.6 hybrid Dai-Yuan zero (hDYz) 7
05F -
04r ) " b
CPU time metric, 697 problems
0_3 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

Figure 4. Performance based on CPU time. HYBRID versus hybrid Dai-Yuan (hDY?z).

0.9F
08
HYBRID
0.7 HYBRID GN = A
#iter 397 106 202
06l #g 390 175 139
. cpu 546 101 57
05| hybrid Gilbert-Nocedal (GN) |
04F R
i CPU time metric, 704 problems 1
[]-2 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

Figure 5. Performance based on CPU time. HYBRID versus Gilbert-Nocedal (GN).
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Figure 8. Performance based on CPU time. HYBRID versus Liu-Storey — Conjugate Descent (LS-CD).
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From the above Figures we see that HYBRID is top performer. Since these codes use the same Wolfe line
search and the same stopping criterion they differ in their choice of the search direction. Hence, among
these hybrid conjugate gradient algorithms we considered here, HYBRID appears to generate the best
search direction.

In the third set of numerical experiments we compare HYBRID to the CG_DESCENT conjugate gradient
algorithm of Hager and Zhang [17]. The CG_DESCENT code, authored by Hager and Zhang, contains
the variant CG_DESCENT (HZw) implementing the Wolfe line search and the variant CG_DESCENT
(HZaw) implementing an approximate Wolfe line search.

09r
08
HYBRID
0.7r HYBRID HZw =
#iter 299 321 65
#g 41 246 28
06} cpu 440 183 62
05 -
CG-DESCENT, Hager-Zhang (HZw)
04} .
CPU tirme metric, 685 problems
0-3 1 1 1 1 1 1 1
0 2 4 6 3 10 12 14 16

Figure 9. Performance based on CPU time. HYBRID versus CG_DESCENT with Wolfe line search

(HZw).
1
09}t
08y HYBRID
0.7} HYBRID HZaw = -
#iter 308 314 63
#g 392 258 35
06} cpu 429 193 63
0.5r CG-DESCENT, Hager-Zhang (HZaw) T
0.4} .
CPU time metric, 685 problems
0_3 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

Figure 10. Performance based on CPU time. HYBRID versus CG_DESCENT with approximate Wolfe
line search (HZaw).
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Figures 9 and 10 present the performance profile of these algorithms in comparison to HYBRID. We see
that CG_DESCENT is more robust than HYBRID.

Finally, we compare our HYBRID conjugate gradient algorithm with limited memory LBFGS, LBFGS
(m=3) of Liu and Nocedal [22]. Figure 11 presents the performance profile of these algorithms. We see
that LBFGS is way more efficient than HYBRID.

1F h
0ot
08t
0.7k LBFGS (m=3)
HYBRID LBFGS =
0.6 #iter 372 291 40
#ig BT 36 0
B cpu 107 495 101
0.5 HYBRID i
04t g
0.3 . _ i
CPU time metric, 703 problems
0_2 1 1 1 1 1 1 1
0 2 4 B B 10 12 14 16

Figure 11. Performance based on CPU time. HYBRID versus LBFGS (m=3).

Among the hybrid conjugate gradient algorithms our HYBRID algorithm is top performer. Also, the
algorithm has better performance profiles than those corresponding to HS and DY. In this numerical

study we noticed that for most of the iterations the HYBRID algorithm uses ﬂkc . Referring to the

2
condition (13) we noticed that (y; g,,,)(S) &,.,)/ Vi s, tends to zero faster than”g,”1 ” . For most of

the iterations the condition (13) is satisfied, i.e. the algorithm has a self-adjusting property in the sense
given in [8]. It is worth saying that the condition (13) is more satisfied after those iterations in which

,Bkc is computed according to the HS or DY rules. Introducing (13) as a restart criterion, does not

improve the performances of the algorithm. On the other hand, the conditions ” g " < 7]||Sk " and
”ng” < a)”gk”2 /"Sk ”2 from theorem 4 say that ”ng ”3 < a)772 ”gk”2 . We noticed that there exists a

. . .- 3 2, .
k, such that for any iteration k >k, the above condition ”gk " ” <on’ ”gk ” is satisfied, thus

illustrating the global convergence of the algorithm.

5. Conclusion

We know a large variety of conjugate gradient algorithms. In this paper we have presented a new hybrid
conjugate gradient algorithm in which the famous parameter /3, is computed as a convex combination of

: 5 and ﬂkD . For uniformly convex functions if the gradient is bounded in the sense that

2 . . . . .
” g ” <n ”Skfl” and the line search satisfies the strong Wolfe conditions then our hybrid conjugate

gradient algorithm is globally convergent. For general nonlinear functions if the parameter l9k from
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< a)||gk||2 /”Sk ”2 are satisfied,

definition of ,Bkc is bounded, and both ”ng”S?]”Sk” and ”ngrl

where 77 and @ are nonnegative constants, then our hybrid conjugate gradient is globally convergent.

The performance profile of our algorithm was higher than those of the well established hybrid conjugate
gradient algorithms for a set consisting of 750 unconstrained optimization problems some of them from
CUTE library and some others we presented in [1]. Additionally the proposed hybrid conjugate gradient
algorithm is more robust than the HS and DY conjugate gradient algorithms. Concerning the robustness,
the HYBRID algorithm is outperformed by CG DESCENT. However, both HYBRID and
CG_DESCENT are outperformed by limited memory LBFGS by Liu and Nocedal.

Finally, we remark that introducing different approximations of the Hessian matrix in (9) we get
new hybrid conjugate gradient algorithms. One possibility is to consider the inverse of the

spectral  gradient choice: ykTSk/SkTSk. Another one is to use the relation:

SIV2 L ()5, =51y +6(F(6) = f () +3(g, +20.1) 5, + 05|, which introduce  the

modified secant condition [29]. These approaches should be considered in another paper.
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