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Abstract: It is shown that the McMillan degree of a strictly proper rational matrix G (i) can be determined by using a sufficiently

large Hankel block matrix associated to the Taylor series expansion of G'(is) at § = 0.
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1. Introduction

The McMillan degree of a strictly proper (pxm) rational matrix G(s) ,5€ C , is the (integer) degree
n21 of it (monic) pole polynomial P (s ) Assuming that in every entry of G(s) the numerator and
the denumerator are co-prime, the pole polynomial 7 (s) is the least common denominator of all the non-

identically zero minors of all orders of G(s) .

Let the entries of G(s) have real coefficients and let (4, B, C) be a realisation of order V" of G(s)
such that:

A =1 B ~ X A X A X
G(s)=C(,s—A) B, AR, BeR"™, CeR"", (1)
where [, is the unit matrix of order 7.

From the systemic point of view the McMillan degree n£ 7 corresponds to the minimum number of
independent energy/substance-storing elements requested to represent the input — state — output
dynamical transfer of the system described by the strictly proper transfer matrix G(s). In this context, n

is, at the same time, the order of any minimal realisation (A, B,C) of G(s) for which
G(s)=C(I,s—A4)"'B, Ae R"",Be R"",C e R"". 2)

Equivalently, the pairs (A4,B) and (C,A) are completely controllable and completely observable

respectively, i.e. the controllability matrix Cu and the observability matrix O ,,, defined respectively by:
Cp=[B AB ... A”‘IB] , 3)
*
ovz[c* A°C* ... (A*)V’lC*] , @)

(superscript * stands for “transposition”) satisfy the conditions:
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rankCu:rankCn:n, Yu=n, (5)

rankO,, =rankO, =n, Vv>n . (6)
By analogy with (3) and (4), the controllability and observability matrices

(55{3 AB ... 215*11?}, )

dyz[é* AC* .. (2*)V‘1é*] @®)
may be respectively defined, for which the following properties hold:

rank(ig :rankér =rankC, =n, Vde{n,n+l,...}, Vrzn, )

rank(jy :rank(jr =rankO, =n, Vye{n,n+l,..}, Vr2n. (10)

In connection with the realisation problem of G(s) it is well known, [1], [2], [3], that an alternate
procedure for the determination of McMillan degree (besides that one of computation of p(s) directly
from G(s), which was evoked from the very beginning of this paper) relies on the following Laurent

series expansion of G(s) at s =00:
o —k
G(S):Zkleks , (11)

where M, k=1,2,..., are the Markov parameter matrices of G(s). The procedure consists in the

building of the Hankel block matrices H,-A/ﬁ whose entries are the Markov parameter matrices

(superscript M stands for “Markov parameter matrices”) from Laurent series (11):

M, M, .. M,
2 3 1 ..
HM = , T leRPIM G =12, (12)
M; M, Mi+j—1
and in applying the following result.
Theorem 1
Let o, B >1 be the smallest integers such that
M M ..
rankHa,B:rankHaH,ﬁﬂ, iL,j=12,... (13)

Then a0 =3 =n, where 7 is the order of the minimal realisation of G(s). O

Let (1) be any realisation of G(s), not necessarily minimal. Taking into account that (/,.s — A)71 is the

sum of the infinite geometric series (the series expansion at § =0):
Nl © 2 k-1_—k
(I.s—A) _ZHA s, (14)
it follows from (1) and (14) that the Markov parameter matrices of G(s) are expressed by:

M,=CA"'B, k=12,.... (15)

Further, by replacing matrices (15) into block matrices (12) it results that:
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B CAB carg] [ ¢ ]
~ AR ~U2h ~ AR ~ A A A 1A
HY - CAB CA'B CA'B || €4 [B b A,_lB]:
CA7B CAB .. CAB| |EaT] G
f
Oi
=0,C;, i,j=12,... (16)

This result, appropriately used together with (9) and (10), offer the support for the proof of Theorem 1.

In this note, continuing [4] in a new manner, a result similar to Theorem 1, but using Hankel block
matrices associated to the Taylor series will be proved and generalised.

2. Main Results

Let G(s) be a strictly proper rational matrix as already assumed and having no pole in § =0 . Then the

Taylor series expansion of G(s) at s =0 has the form:
O k-1
G(s)=) Tis"", (17)

where T';, k=1,2,..., are the Taylor parameter matrices which are given by:

1| d!
T, = —G L k=1,2,.... 18
k=11 dst! ) o 9

By analogy with (12), the Hankel block matrices Hi?j associated to Taylor series expansion (17)

(superscript T stands for “Taylor parameter matrices”) can be defined as:

T, T, .. T,

J
T T .. T S
H i]:j _ 2 '3 J:+1 cR P ><jm’ i,j :1,2,,_, , (19)
Ty Tiy o Tijy

whose connection with the McMillan degree of G(s) is revealed by the next theorem. It is similar to

Theorem 1 and simultaneously generalises a result derived in [5] for m= p =1,
Theorem 2

Assume that G(s) hasno polein §=0.Let o, f >1 be the smallest integers such that

rankH(f,B:rankHT Lj=12,... (20)

o+i, B+
Then o.=f3 =n, where 7 is the order of the minimal realisation of G(s).
Proof. Let det A#0 according to the fact that G/(s) has no pole in s =0 . Then, by analogy with (14),

the matrix (/s ! —Al*l)*1 is the sum of the following infinite geometric series (i.e. of the series

expansion at sT=o0 or, equivalently, at s =0):
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v

r

1 S-Iy-1_NO®  G—k+l k
s'=47hH _ZHA sh. @1
On the other hand, by replacing (21) into the right-hand side of the following identity:

(U s—A)'=s (A Is"-aH", (22)
it results that the Taylor series expansion of (/, s — 121) Tats=0is given by:

-1 0 Y=k~ k-1
(Is=A)7'=) " (~47")s" . 23)

Substituting (23) into a realisation of the form (1), not necessarily minimal, and comparing the result with
(17), it follows that the Taylor parameter matrices of G(s) have the forms:

T,=-CA*B, k=12,.... 4)
Using (24), the associated Hankel block matrices (19) may be expressed as follows:
CA'B CA4?B .. CA7B
G _|CACB CACB . CAUTE |
A : : : B
CAB CAUVE . EAIE
¢
S
_| ¢ a7'NB At .. AUB]=
¢ a6
(¢ A
A Rilo
| S A s 4 L B]-
. C
0 o 1] ¢ 0 I,
o .. I, O o0, B PPN =D Aol O o L0
= O S A—““—”[B AB .. AHB] - o es)
I, .. 0 0f¢q-! G Ly = O 0]
- A
(i pxip) Oi (jmx jm)

Now, it is a simple matter to see that using (25) and (16) it results:

rankH,-szrankaMj:rankOAi(ij, i,j=12,..
’ ’ (26)

Consequently, according to (26), Theorems 1 and 2 are equivalent. [J

By applying a procedure similar to that one used in relation (25), it may be proved that sufficiently large
diagonal minors of matrices (19) have the same rank properties as matrices (19). In order to generalise the
Theorem 2 in this sense, define the Hankel block matrices:
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T., T, .. T

p+l p p+Jj
., 1,3 .. T, ., o

HE = % P eRIPIM =012, 1, j =12,
Tp+i Tp+i+1 T;)-%—Hj—l ) (27)

For these matrices, which are diagonal minors of matrices (19), the following result may be easily proved
by appropriate factorisations (as in (25)) operated in (27) with (24).

Theorem 3

Assume that G(s) has no pole in § = 0 et & p=1 be the smallest integers such that

T T .o
ranka;a,B:ranka; i, o iL,j=12,.., p=0,1,2,.. 8)
Then &= p=n , where 7 is the order of the minimal realisation of G(S). O

From the point of view of rank computation, it may be more convenient to use a slightly modified Hankel
block matrices, namely:

q q+1 g+j-1
a®T,., a® ' I,., .. a I,
q+1 q+2 q+]j
7 a TpJr2 a Ter3 a TerjJr1
Hpij= . ) ) ’
g+i-1 q+i qg+i+j-2
a Tp+i a Tp+i+1 a Tp+i+j—1_

p=0,1,2,...0,j=12,..,

29)
where ¢ € R\ {0} and 1€ z , for which the following result may be proved.
Theorem 4
Assume that G(s) has no pole in § = 0 Let a,fp=1 be the smallest integers such that
rankH '/ g =rankH %' o o p=0,12,..., i,j=12,.. | 0
Then ¢~ B =n , where 7 is the order of the minimal realisation of G(s) .

Proof. Theorems 4 and 3 are equivalent because:
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q
rankH ¢ =

psij
I, 0 .. I, [T, T,., T., 1,
ankeat] a{p 9 Tp.+2 ijr3 pr 9 al, i
U aHIp‘ Toii Towier = Towiejr [ 1y 0 .. aj_llm,
(i pxip) (jmx jm)
=rankH], ., p=0,12,.., Lj=12.. 4 )

3. Illustrative Example

Given the rational matrix

IR
1 1
G(S)= S+ S+ ’
1 1
s+1 s+2

compute the McMillan degree by using the Theorem 4.

_ 2
First, it can be easily seen that p(s)=(s+1)7(s+2) . This means that # =3 On the other hand, by
direct calculation, the Taylor parameter matrices have the forms:

1 1
T, =(-1) , k=1,2,....
1 27k

Choosing p=0,a=2, g=1, for i, j sufficiently large, the rank of H02 (Tx +i,p+; May be evaluated

as follows:
2 2 5—22 22 i 23 23 5—24 04 i ]
2 1 122 11 2d 112t -l
———————— o o — e 4
22 2 23 23 |24 24 25 2%
| | | |
22 1128 1 -2t -1 25
PR YRR T T T RV HE
rankHozgﬂ.,B” =rank| 2° 23 ! 24 24 ! 25 23 : —26 D6 i
21 124 1125 1 126 11
- dmm e bomme e B S 4o
_24 _24 : 25 25 : _26 _26 : 27 27 :
| | | |
24 1125 1 126 1127 1
S S P R S 4o
| | N | |
| | . | |
L | | | | |

Add now the first row multiplied by 2, - 22,23, - 2% ... totherows 3,5, 7,9,... . It results:
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2 250 2250 2350 24i-
2 110 -110 010 -11-
—_———————— Fm————— ] Jmm————— A ——— 4
0 0 io 0 io 0 io 0 i
22 110 1 10 -110 1 I-
oy Tt P P 1T HE
rankH0a+i,B+j: rank| O 0 : 0 0 : 0 0 : 0 0 : . =
2 110 -110 110 -1 1.
—_——— F——————— j—————— - +-—
o o0!0 o0 !0 O0}0 o0 |-
| | | |
24 110 110 -110 1 I-
——————— ——————— =————== H=—————— +——
| | | |
| | | |
L | | | | |
(2 2 22 23 24 ] (2 2 2 6 14 ]
2 1 1 1 1 2 1 0 0 0
22 1 1 1 1 e 2 0 0 0 0
=rank =rank
2 1 1 1 1 - 6 0 0 0 0
24 1 1 1 1 e 14 0 0 0 0

The last matrix was obtained form the preceding one by subtracting the 2™ row from the next ones and
then by subtracting the 2™ column from the next ones. In the last matrix the 3™ line will be amplified with
- 3,- 7,- 15,... and then successively added to the next rows. In a similar manner will be operated with

the columns. Finally, it results:

2 2 2 0 0
2 1
> 0000 2 2 0
rankH 27 . =rankH ?7 . . =rank =rank|{2 1 0(=3.
0 a,B 0a+i,B+j 0 0 0 0 0 .
2 0 0
for a=f=3, 0 0 0 0 O
i,j=12,.. ...

It follows that =L = =3.

4. Concluding Remarks

a) Based on Hankel block matrices associated to Taylor series of strictly proper transfer matrix G(s),
three theorems dealing with its McMillan degree were derived.

b) Theorem 2, exploiting the rank properties of Hankel block matrices (19) associated to Taylor series
expansion of G(s) at s =0, is similar (mutatis mutandis) with Theorem 1, which is based on the rank of
Hankel block matrices (12) associated to the Laurent series expansion of G(s) at § =00. Theorem 2

generalizes an earlier result, [4], derived for a scalar transfer function G(s).

¢) Theorem 3 generalises Theorem 2 by extending the rank condition of Theorem 2 to any sufficiently
large diagonal minors of Hankel block matrices associated to the Taylor series expansion of G(s)

at s=0.
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d) Theorem 4, which is equivalent to Theorem 3, may be more convenient for numerical manipulations in
the cases when the dispersion of the entries of the Taylor parameter matrices is very high.

e) The hypothesis that G(s) has no pole at s =0, which has been assumed in Theorems 2, 3 and 4, does
not reduce the generality of the obtained results. If G(s) has 1 poles at s =0, then Theorems 2, 3 and

4 can be applied for the strictly proper part of the matrix SnG(S) .

f) By analogy with (29), Hankel block matrices associated to Laurent series can be defined (i.e. using the
Markov parameter matrices). Then Theorem 1 can be generalised by results similar (mutatis mutandis) to
Theorems 3 and 4.
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