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covering the curve and enabling a convergent control sequence. State feedback and output feedback for the local robust control synthesis
are considered, together with local performance criteria. A simple numerical experiment is provided to illustrate both the effectiveness of
the synthesis and the performance achieved.
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1. Introduction

The control of nonlinear dynamical systems over a wide range of operating conditions has attracted a great
deal of attention in recent years. Fixed controllers are definitely not adequate to control these kind of systems.
An adaptive controller or a varying controller structure is needed to meet the control demands at multiple
operating points. The common approach to solve a complex problem is to use the strategy of divide and
conquer. This strategy leads to multiple models or multiple controllers approaches to deal with nonlinear
systems. Some of the approaches used frequently are: multiple models adaptive control [1, 25], supervisory
control [18], the Quasi-LPV approach [6, 20] and gain scheduling [19, 20, 2]. Multiple models adaptive
control is a model-based form of gain scheduled. It uses a set of paired models and controllers. The
model/controller pairs are fixed. As a result, any model based controller design strategy can be applied. It also
uses a weighting function to decide which model or combination of models fits the data best. Then a
corresponding controller or combination of controllers is used to send an input to the plant. In supervisory
control, a supervisor selects the best feedback controller from a set of linear controllers and switches into
feedback to cause the output of the process to track a set point. The supervisor decides which controller to put
in feedback with the process by comparing performance signals generated by the candidate controllers. The
Quasi-LPV approach is based on the possibility of rewriting the plants equations in a form where nonlinear
terms can be hidden with newly defined, time-varying parameters that are then included in the scheduling
variable. Since nonlinear terms involve the state, this means that some state variables must be relabeled as
parameters in various part of the model.
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Because a practical unified theory for nonlinear control does not currently exist, engineers must often resort to
techniques not based on a completely rigorous theory, but demonstrated to work in practical situations. Gain
scheduling is among the most familiar of these techniques. It is an effective way of controlling systems whose
dynamics change with the operating conditions. It is normally used in the control of nonlinear plants where
the relationship between the plant dynamics and operating conditions is known, and for which a single linear-
time invariant model is insufficient. In its standard form, this procedure is executed by linearizing the systems
dynamics about a family of equilibrium points, also called operating points and applying linear control theory
at each design point to derive local linear control laws. The local performance of gain-scheduled controllers is
usually good, which makes them attractive for practical applications. Unfortunately, gain scheduling doesn’t
provide guarantees on the stability and performance of the closed-loop systems at operating conditions
between the scheduling points. Although, there is a long history of gain scheduling in applications [13, 20,
22], the theoretical treatments of gain scheduling as a worthy design methodology for nonlinear control are
rare until the 1990s [19, 20, 21]. As mentioned, a major limitation of linearization gain scheduling is that
stability properties of the closed loop system can be guaranteed only in a neighborhood of the equilibrium
manifold. A notion of extended local linear equivalence has been proposed to address this problem [14].
Along these lines, we find the idea of stability-based switching. In [15, 16], it’s considered scheduling the
controller transition based on stability properties of the linear points designs. The idea is to select operating
conditions and to perform linear point designs so that each operating condition is in the capture region of a
neighboring operating condition. In this manner, one can assure stable transitions among operating conditions
by appropriately switching controllers.

In this work, we develop an alternative gain scheduling procedure that exhibits some of the performance
properties of standard gain scheduling, but provides stability guarantees between the scheduling points [23].
In particular, we consider the use of the gain scheduling approach to the problem of stable guaranteed
transition from an actual operating point to a desired one by using a pre-specified path in the equilibrium
manifold of the nonlinear system connecting the operating points. A polytopic uncertain linear system is used
to describe the nonlinear system in a polyhedral region around an equilibrium point. A Lyapunov function for
the uncertain linear system is used to estimate ellipsoidal stability regions of maximal volume of the nonlinear
system in the interior of the polyhedron. Repeating the procedure on the pre-specified path in the equilibrium
manifold connecting the two operating conditions, we can cover the path by a set of ellipsoids included in the
polyhedrons. The algorithm developed assure closed loop stability of the nonlinear system and local

performance (pole assignment, H, or He, norm minimization) by using results from quadratic stability [2]
and convex optimization, mainly linear matrix inequalities (LMI) [3]. The paper is organized as follows:
Section 2 is devoted to give some preliminary results. In section 3 the stable transition problem is stated and a
transition algorithm is formulated to solve such a problem. Section 4 concerns the local robust control laws
synthesis and some insights are given for the practical problem of output scheduling. Finally, a simple
numerical example is presented in section 5.

2. Some Previous Results

The algorithm developed in this paper applies to nonlinear systems with input-affine models of the form
%2 x(t) = F(x()+ G(x())u(t) = £ (x(0),u(2)), 120. M

Where x(1) € X < R" is the state vector, X is an open set, u(z) € U < R"" is the control input, U is the
set of all admissible controls such that #(.) € U is a measurable function. The operating space of the system
(1) is W = X x U with operating vector ¥ = (x, u) €Y. The second form in (1) will be used for

convenience. We assume that the nonlinear function f is Lipschitz defined in a neighborhood of the
equilibrium points of the nonlinear system.

2.1. Gain Scheduling Formulation

Let Z be the scheduling space, i.e, the set of scheduling variables z(¢) € Z R* . The scheduling space

Z is a connected compact set. In many cases there will exist a function §:W¥ — Z that projects the
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operating vector ¥/ onto a lower dimensional scheduling space Z, thus z=s() with

dim(z) < dim(l//). It is assumed that there exists an equilibrium manifold [20] which is parameterized
through the scheduling variable, z(f) € Z . That is, there exist continuous functions, xY:Z 5> X and

uO :Z — U such that

@l @)-0., @)

for all z(¢) € Z . The scheduling variable can be a function of the state, input, and exogenous signals.

Although the scheduling variable is a function of time, in the gain scheduled controller implementation, it is
viewed as a parameter in the design process. The Jacobian linearization of the nonlinear plant around the

equilibrium (xo (2),u 0 (Z)) is written as

S(2): %(1) = A(z)(x(t) _ 0 (z))+ B(z)(u(t) —y" (z)), 3
where
i
8)61 axn
A(z) = g =l @ . . (4)
M) | U
L oy O - (xo(z), uo(z))

For each z, that is Z(l‘)‘ (= = the nonlinear system X is represented locally by the linear time
=

invariant system Z(Z j)

Sz ) 50 = £ (x0u0) = 4Gz o)~ 58 )+ Bz ) D) ®

where (x %) U gé) ): (x 0 (z j ), uo (z j )) and [ denote the local approximation of the nonlinear function
/f (1). Based on the plant equilibrium manifold and linearization, a linear time invariant controller C]Ej ) is

designed for selected values of z - The global gain scheduled controller C' is implemented by combining

these linear controllers C = UC]EJ ) using real time measurements of z(f) to vary the controller’s

J
parameters.

2.2. Geometric Tools
In this section we describe the geometric tools that will be used, the polyhedrons [17] used in the local
approximation of the nonlinear equations of the process around the equilibrium points; and the ellipsoids [3],

that allow the estimation of asymptotic stability regions in the neighborhood of the equilibrium points.

Definition 1 A4 polyhedron P is the intersection of a finite number of half spaces
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éixei}{” La; x<b 1,---,p}

n ’ (6)
= {x eR” 1 Ax < b}
where aiT is the i-th row of the matrix 4 and < is meant component wise.
Definition 2 An ellipsoid £ centered at x,. € R" can be represented by the expression
E= n, T -1 T
EweR" i(x—x.)" ST (x—x,)<1,8=8" >0y. (7
The maximum volume ellipsoid £ contained in the polyhedron P is given by [3, 24]
max Trace(S)
S=8">0 : ®)

¢; =b;,—a; x >0, aTSa —c <0,1=1,---,p

It’s a classical convex optimization problem that will be used forward in the robust control laws design.

2.3. Quadratic Stability
Consider a polytopic uncertain linear system described V¢ > 0 by the equations

x(t)=Ax(t), AeD,, ©)

where D 4 is a polytopic uncertain domain given by

N N
D, =34eR"*" 4= ) Y, =
4 =14e : —ZaiAi,aiZO,ZOci—l. (10)
i=1 i=1

We first study stability of the system (9-10), that is, we ask whether all trajectories of the system (9-10)
converge to zero as [ —>00. A sufficient condition for this is the existence of a quadratic function

Vé)=¢& TQrf, QO > 0 that decreases along every nonzero trajectory of the system. If there exists such a
0, we say that the system (9-10) is quadratically stable and we call " a quadratic Lyapunov function. Since

d / dt ( V(x)) = xT (ATQ + QA)X , a necessary and sufficient condition for quadratic stability of (9-10) is
0>0, AIQ+04; <0, i=1,--,N,. (11)
or the dual condition
S=0"">0, SAT +4:5<0, i=1,-,N. (12)

Quadratic stability can also be interpreted in terms of invariant ellipsoids [3]. Let £ denote the ellipsoid
centered at x. (7). The ellipsoid £ is said to be invariant for the system (9-10) if for every trajectory of the

system, X(t() € E implies x(t) € E, Vt > (). This is the case if and only if the matrix S satisfies (12).

154 Studies in Informatics and Control, Vol. 16, No. 2, June 2007



2.4. Local Approximation of the Nonlinear System

We assume that, for any inclusion polyhedron P(j ) represented as in the equation (6) associated to the

(),

equilibrium point (xeq ey ) of the system (1), is possible to construct a set

{(Al.(j),Bl.(;));iA =1,-,N 4.ip =1,-~-,NB,j=1,---,N} Vy=(u)ePP. 13
So that the model (1) satisfies the inclusion condition:

AD =2 ) B -}
f(x,u)eco iy X~ Xeg + ip U—leg
ify=1-Nyig=1---,Ng,j=1---,N

Vy=(xu)eP. (4

Where C(, denotes the convex hull. Under this condition, all trajectories of the nonlinear system (1)

corresponding to input trajectories ¢(#) for which the operating vector i = (x,u) epP () forall >0 are
also trajectories of the linear differential inclusion (14) [3].

A= ) B -}
x(t)eco iy X~ Xey + ip U—leg
ify=1-Nyig=1--,Ng,j=1---,N

(15)

Thus the evolution of (1) is captured by an uncertain linear model generated by considering all possible linear
combinations of a given set of linear models. In order to compute the inclusion polyhedron P(] ) , we define a

domain of validity from an admissible error & € R " between the nonlinear system (1) and its linear
) )
eq ° ueq
polyhedron into the state space. We show the case of a non linearity depending on one variable in the figure
(1). We have the following result.

approximation calculated in the j-th equilibrium point (x ) Fixing an approximating error leads to a

Proposition 1 Giving an approximating error & € R" between the nonlinear system (1) and its linear

() , ()

eq sUeg ) (5), then there is an inclusion polyhedron

approximation calculated in the j-th equilibrium point (x

Pl = {X eR": aiTx <bj;i=1,- -,Zn} that contains the non linearities of the system (1). 0

Proof Let the error vector & = [81 , Ep ]T € R" then we have for every component in equations (1)
and (5)

i =Sl <& (16)

The equation (16) leads to a polyhedron into the space state X, such that

xl-(t)—xl.(fgq Sﬁl«(j);izl,---,n,j:1,~--,N. 17)
Choosing
5 E‘.R=min{51(j),---,§,gj)}. (18)
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The polyhedron P /) will be symmetric with respect the j-th equilibrium point. We write

P(]) :{Xemn :alTbelgl :19“'92”}

0 0 x] |6V +xl)
0 .
0 : (19)
o 0 1| x| |V +xl
-1 0 0 x'l 5(])_x1(é21
0 -1 :
: 0 :
0 0 —1]x,] 5(j)——x£qu n

. . . . & =
Remark 1 If there are linear components in the nonlinear vector function (1), we make ~*

Remark 2 We have adopted a numerical procedure in order to find (19). We define a mesh in the state space
and we impose the condition (16) then using (18) the symmetric polyhedron (19) is obtained.

Considering every possible combination generated by the extreme values taken by the non linearities of the

o ' o (/)
system ) (1) in the interior of PY , we can construct an uncertain linear system ~ /  such that

2050 = 42 o <P+ Bty ), o

where the matrices {Ai(J ) , Bl-(J ) } belong to the polytopic uncertain domains {Dl(élj ) , Dj(gj ) } such that

DY) =14 = az))

o s (21)
xl(é; iﬁ(]) i

) . Np . Np
DY) =1BY) = B(z)) Y B Y =142 0

Ao i i=1

(22)

The notation (-]x( Npsh must be interpreted as the evaluation of the corresponding Jacobian matrix in
ieq —

every possible combination around the j-th equilibrium point. However, for a practical system, finding the
polytopic uncertain domains may be a difficult task especially in the case when the non linearities have
several arguments. Some works have been recently devoted to the approximation of nonlinear systems by

means of piecewise affine models and can be usefully used to extend the proposed approach for nonlinear
system control [11, 12].
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Figure 1. Local approximation of the nonlinear system

3. Transititon Algorithm Formulation

The guaranteed transition from an actual operating point to a desired one is an interesting control engineering
problem. In this section, we develop a transition algorithm to switch local robust controllers. This algorithm
insures the stable transition between operating points and allows for the local definition of performance

indexes (pole assignment, /1y or H,, norm minimization) in the neighborhood of the equilibrium points
supplied by the gain scheduling technique.

3.1. Statement of the Problem

We are interested in finding a scheduled control that guarantees a suitable transition between an initial
operating point and a final operating point. To assure a stable transition too, we are searching for an

intermediary equilibrium points set, such that, every intermediary equilibrium point 7 +1 is supposed to be in
the interior of the asymptotic stability region of the point i. The problem is to find that set of equilibrium
points, and the associated control laws designed to insure, for instance, a suitable fast transient response.

Problem 1 Find a state feedback global control law u(.) e U < R™ that guarantees the transition of the
nonlinear system X (1) from the initial operating point W = (xo,uo ) €Y to the final operating point

V= (x foU f)e VY assuring the closed loop stability of X and certain local control criteria (pole

assignment, Hy or H y, norm minimization).

3.2. Transition Algorithm

The following assumptions are made:

i There are functions x°:Z — X and u°:Z > U such that f(xo (Z),uo(z))z 0 for all
z(t) € Z . That is, there is a family of equilibrium points parameterized by the scheduling variable z

written as I1 = {ty = (x,u)e Y f(xo(z),uo(z)): 0,Vz e Z}

il. There is a path C, in IT depending on the scheduling variable z connecting the points X( and
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X This means that it is possible to specify a path C P parameterized now by the scalar 0 < p <1, such
that C ‘ =xg and C ‘ =X/.
iii. The pairs (A(Zj ), B(z; )),] =1,---, N are assumed to be stabilisable.

After the scalar parameterization we can write the equilibrium point set as

v=(u)ew: /200, (0)=0, 0< p<1,

e = ©@.00) vy =)

Under the previous assumptions the state transition from an actual operating condition X to a desired
operating condition X £ may be established using a pre-specified path in the state space as is stated in the

following algorithm.

1. Choose the initial equilibrium point as (xgl) ,u glq) )= (x four ) Do j =1, p(] ) =1. (The control law

is implemented off line).

2. Fix the approximation error & = [81,---,8n]T e R" such that ‘fz _fLi‘ <gVi=1,---,n.

3. Find the j-th inclusion polyhedron P () (19) around the equilibrium point (x%) ,u gé) )

V x(t)e P () represents the nonlinear system 2 (1) by the polytopic uncertain linear system Z(IJ )
(20-22)

b

5. Built a state feedback robust control law

() = k) (x(t) ~x$p) )+ ull), (23)

that maximizes the volume of the ellipsoid
_ n. T o—1 _oT
E=pxeR" :(x—-x.) S (x—x,)ZLS=S8" >0y, (24)

contained in the inclusion polyhedron P(j ) , by the resolution of the optimization problem (to be developed
in section 4)

maximize volume(E G ))
W) — pU)
= . (25)
such that Stability Constraints W

Performance Constraints

6. Compute the following equilibrium point (x£é+l),ugé+l)) by the resolution of the optimization

problem (by dichotomy)
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minimize p
0 ()
x(p)ekE - (26)
(p)e vj
0< p< 1

such that

The objective is to find the point such that x£é+1) S interl'or(E (J )) insuring that the intersection among

the successive ellipsoids is not empty. The above optimization problem will provide the minimum number of
commutations from the initial to the final point. The resulting policy may not be robust in the sense that

(j+1) (

Xeg is almost on the boundary of the attraction domain of xe{]) so that to insure convergence the switch

({]H) which may result in a very long response time. A

has to be fired in a very small neighborhood of X

way to avoid this drawback is to introduce a parameter /3 and make

p(j+1) = i +ﬂ(p(j) — Ponin ), B e(0,1),

yielding the following equilibrium point as
+1 +1 0 +1 0 +1
(Gl )= (e (U000 (1))
which is forced to belong to the interior of the attraction domain as deeply as /3 is increased.

7. Ifthe initial point xg € £/ Then (x%*l),u%”) ): (0,0 ) and return to step 3

8. If xgéﬂ) = X Then the design is complete and the global control law is given by (27) else return to
step 3

j=N-1 .
u(t)™) =K(N)(x(t)—x§gv))+ug£;’), xeEM 7 EV

j=1
UGlobal (X) = : 27)
u(t)® =k @ (x(t) ~x2 )+ uly), xe E® - g0

u(t)(l) =k® (x(l) - xg]) )+ u‘(e}]) , xeg®D

3.3. Transition Study (xq — X )

In the following, we study the transition between two operating conditions of a dynamical nonlinear system
2. We denote a trajectory of (1) as sS(#,x(fy),u) and the trajectory converging to Xeg s

S(t,x(to )u) = Xeg -

Lemma 1 Consider a set T € R"and the equilibrium  point Xeg el'. If the trajectory

s(t, x(tg),u) = Xeq then s(t;,x(ty),u) €T forsome t| >ty € R.

In the following we show that the global robust control law (27) supplied by the transition algorithm assures
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the nonlinear system transition from the initial equilibrium point Xy to the final equilibrium point X I

(N

Proposition 2 [f the initial condition belongs to the N-th invariant ellipsoid centered at Xeg ) denoted as

x(to) =Xy € E(N) (xéév)) then the trajectory S(Z,X(l‘o) =X0,UGlobal (X)) > Xr Jor UgGiobal (x)
given by equation (27). o

Proof Without loosing any generality, we assume the number of controllers equals to N =3. If
xg ek (3)( ()) and Xxg & {E(z)( )E(l)( ())} the algorithm shows that only controller

u(t)(3)—K(3)(x(l‘) x(3))+u(3) is on, by the lemma 1, S(t,xo,u(t)(:/;))—)x(:]). As

Xo & {E(Z)( ),E (1)( ( ))} there is not convergence to x( ) neither to x( ) By construction, we can
find some instant # >¢; €N and a controller u(t)(z) =k® (x(t)—xg]) )+ ugq) such that

S(tl , X0 ,u(t)(3) ): x(t) e E® (xé?])) and the trajectory S(tl ,x(tl),u(t)(z) )—) x(2). Repeating this

reasoning we can find some instant 5 > ¢ € R and controller u(t)(l) =k® (x(l‘) x(l) )+ u(l) such
(2) M, D _ ) @ _

that s\tH,x(#1),u(t t E d slty,x(tr),u(t - =Xx . That

a S(z x(1),u(?) ) x(tp) € (x xf) an S(z x(t2),u(t) ) X S =Xp. Tha

implies the transition from X to x f |

4. Robust Control Synthesis

Based on the nonlinear system equilibrium manifold and linearization, a linear time invariant controller CI(Jj )

is designed for selected values of the scheduling variable. The global gain scheduled controller C is

implemented by combining these linear controllers C = chj ) using real time measurements of the
J

scheduling variable to modify the control parameters. The local controller C gj ) will be a robust one and will

be designed for the j-th polytopic uncertain linear system Z(Ij ) (20-22). In the following, we will drop the

indices related to the linear local models to unclutter displayed equations, though the indices are retained for
emphasis when discussing particular variables.

4.1. Scheduled State Feedback Control

We consider in this section the case of state feedback synthesis as in equation (23). The state feedback robust
control law that assigns the poles of the polytopic uncertain linear system Z(I] ) (20-22) in the convex region
jo ) (az,pe»0.) (see figure 2) and that maximizes the ellipsoid volume E () (24) contained in the

inclusion polyhedron P(j ) (19) is given by the following theorem, which itself, combines the results from [5]
and those from section 2.
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Re

Figure 2. Convex region Réj) (ag,pe.0.)

Theorem 1 Let the symmetric positive definite matrix S O e R"*" and the matrix R’ € R™* " be

solutions of the optimization problem

MaximizeT) race(S )

5

S=s">0
(ci =b —al x, >0), al-TSal-—c,-2 <0

A, S+847 +B, R+R"B] +2a5 <0
A A ip B

4 S+B R —ps|°
4 ;]
cosd(4, S+S4" +B. R+R"B) *
Ly 1y 15 ip

<0
sin@(S4; ~4, S+R"B —B, R) cosf(4; S+SA! +B, R+R"B])

Then the invariant stability domain

. . 1 :
ED) ={xegﬁ” ;(x_xgé))T(SOT (x—xéf]))ﬁl},

corresponds to the maximal volume ellipsoid contained in the inclusion polyhedron P () (19), and the state
feedback robust control law calculated for the j-th equilibrium point (xéé) ,u gé) of the nonlinear dynamical

system 2 (1)
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. . . . 1 . .
u(t)(J) :K(J)(x(t)—xg]))+ ué{[) =RO(S0y (x(t)—xé{]))+ ugé)

assigns the poles of the polytopic uncertain linear system E(I] ) (20-22) in the convex region

jo)(ac,pc,ﬁc); j=L-- N, i=L--2n,iy=1---,Ny, ig=1,---,Np. (The * denotes a

Transpose Block Matrix |

Remark 3 Theorem 1 requires (2n +3N /Np+ I)N LMIs and n[(n + 1)/ 2+ m]N unknowns.

In the quadratic concept, it is easy to add any LMI constraints such as /1, or H ,, norms bounds [23]. The

idea of ellipsoid volume maximization, that is, the local attraction domains of the equilibrium scheduling
points, is in the spirit of having a small number of switches between the local robust control laws, for a given

transition Xy —> X f- The synthesis problem definition in Theorem 1 would imply local fast response

performances, a necessary condition to get good enough global time response.

4.2. Scheduled Output Feedback Control

In the case of scheduled state feedback control, the switching policy implies the guaranteed transition from
the initial state to the final one. The extension of the approach to the case of partial information about the state
in real time is much more involved. Two propositions for scheduled output control are discussed below: the
first one concerns scheduled control with observers, the second is based on dynamic output control.

4.2.1. Scheduled observer based controllers

Following the principle of scheduled state feedback in the context of partial state information, the first natural
idea to come is to think about state estimation. For control purpose, the will to estimate an unmeasurable
linear combination of the state variables is clearly justified, in the case of linear models without uncertainty
by the well known separation principle. In our case (nonlinear system described as piecewise uncertain linear

one) no such principle directly holds. However, the /1, robust filtering problem [8, 9] may be of some use

for the proposal of a scheduled output control strategy. Let us consider the following linear time invariant
system

(28)

x(t) = Ax(t) + B,,w(t)
y(t) = Cx(t) + D,,w(t) '

Where x € R"is the state, we R is the zero mean white noise input with identity power spectrum

density matrix and y € R is the measured output. It is assumed that

All matrix dimensions are known

Matrix M € ROFDXHM) 4ofned as

4 B,
M { } (29)
C D,

is unknown but it belongs to a given convex bounded polyhedral domain D), . Hence, from [7] each

uncertain matrix of this set can be written as an unknown convex combination of N given extreme matrices
M, My,---,M y ,thatis, M € D,, if and only if
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M= M, (30)

holds for some A; > 0,---,4) 20 suchthat 4; +---+ Ay =1.

The problem to be dealt is to design a full estimate X of X given by X = 3.y where J is a linear, finite

dimensional, and time-invariant operator producing at any time the estimation error e := x — X, such that, the
controlled transfer function from the noise input W to the estimation error e satisfies the following:

Problem 2 Let a guaranteed estimation performance index y(3) such that
2 < (X
sup [Ty (5)); < 7(3). 31)
MEDM

and given g > 0 denote € the set of all filters (3 € Q) such that (31) holds for ¥(3J) = g£. Among all

feasible filters, find the optimal one that minimizes ¥ (J) over Q2.

In the above problem, the feasible set Q) is used to impose a particular class of linear, finite dimensional,

and causal operators. In the present case, we consider () as the set of all linear time-invariant operators
with state space realization of the form

d . .
Ex(t) =Arx(t)+Bpy(1), (32)

where the matrices 4 rE R"*" B rE R"*4 are to be determined. In other words Q is taken as the set

of all strictly proper linear time-invariant operators of order 7. It is assumed that the initial conditions of
system (28) and the filter (32) are the same (to be discussed later on). Connecting the filter to the system (28)

we can write the transfer function Ty, (§) as
~ ~\o] ~
Ty (s)=Clss - 4) 'B. (33)

where matrices A, B and C of compatible dimensions are given by

4 [ 4 0} B { Bw } c=[1 -1]
= ,B:= , C=|I -1I|. (34)
B,C 4, B,D,,

The next theorem gives a solution, expressed in terms of LML, to the //, robust filtering problem (problem 2).

Theorem 2 [8, 9] Assume that M € D, is fixed but arbitrary and the scalar £ > 0 is given. Then, the

2
transfer function 7, (s) satisfy the inequality HT iY; (S)H2 < u forall M € D, if and only if the filter

transfer function is expressed as

Tr(s)= I[s[ - U_IQ(UT Z)_l T (V‘IF), (35)
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where the pair (U ,V) satisfy the relation XY +U VT =TIand the matrices W = WT, z=z" ,

y=vT , Q, F and G are the solutions of the following convex problem expressed in terms of LMI

Trace W)L u,
W,Z,Y,Q,F,G( ) # (36)
'z z 1-G"
Z Y I |>0, (37)
-G I W
| z4+47Z 74+ ATY +CTFT + 07 zB, (38)
ATZ +YA+FC+Q YA+FC+A"Y+C'F' YB,+FD, |<0.
Br'z By +DIFT ~1 .

The scheduled observer based controllers policy will be based on the belonging of the state estimate

X(t), t 20 to the ellipsoid EW) given by the equation
A ) . . o\l .
ED = {x e R" :(x—xé{l))T(S ) GE-x{h < 1}

where the symmetric positive definite matrix S 0 € R"*" results from the Theorem 1. This scheduling

policy obviously relies on the state estimate quality, hence, there is some heuristic degree. Another heuristic
degree is added by the assumption of identical initial conditions between the system and the filter. Practically,
the choice of the equilibrium states for the filter initialization at each switching would reduce the
approximation.

4.2.2. Scheduled dynamic output control

A “time open loop” switching policy can be considered. As far as every intermediary equilibrium point is
placed in the attraction domain of the following equilibrium point, it’s obvious that if the local transition is
made to last for a long time (asymptotic convergence to the equilibrium point) the global convergence would
hold but this lead to a very poor response time. The successive transitions and thus the response time can be
improved by imposing both a fast dynamic for the local robust controllers and also by taking the equilibrium
points to be far enough in the interior of the attraction domain of the successive equilibrium point (parameter

[ in section 3.2).

The linear uncertain system around the j-th equilibrium point is described by

{)'c(t) = Ax(t) + Bu(t)

W)=Cxt) 7

where x € R” is the state vector, € R"" is the control signal, and y(¢) € RY represent the measured
output. The polytopic uncertain domain is given by
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~.[4 B O N
A= cC 0 GDR: A:A= z//i’l’Ai’ﬂ“iZO’ zﬂ“izl . (40)

iy= 12:1

We consider for the local controller C gj ) a dynamic output control of the form

{)'cc ()= A.x. () + B.y(?) (41)

u(t) = Cex. (1)

where X is the dynamic output control state vector. For a strictly proper dynamic output control, the global

dynamic system will be represented V ¢ > 0 as

X)) =4, X, ()
id , (42)
z(1) = Co X, (1)

with

R | An By .
X, 2| |, 4 _= , C, 20 C.|
‘4 |B.C.. A4,
A

We propose a dynamic output control strictly proper in order to quadratically stabilize the system (39-40)
with a positive Lyapunov decay rate 77, while maximizing the stability ellipsoid volume

E :{Xe e R :(Xe —ng))TS“(Xe —ng'))g,s eR M 5=5" > 0}, 43)

contained in the inclusion polyhedron
P={x, e ¥ :aT X, <b.i=1-202n)] (44)

The inclusion polyhedron must be written as (19). The polyhedron size is calculated as it was proposed early,

hence, by fixing an approximation error & € R" between the nonlinear system and its linear approximation.
The equilibrium points associated to the primal state variables are obtained by solving the algebraic system
equations

Flegstieg)=0

and the equilibrium points associated to the dual state variables (dynamic output control) are chosen to be
zero. The dual state variables are equally approximated by a polyhedral region in order to have a compact
domain, and so, a well posed optimization problem. The following result shows the way to assure quadratic
stability with a positive Lyapunov decay rate 77 for the system (39-40) while maximizing the stability

ellipsoid volume E (43) contained in the inclusion polyhedron P (44).

nxn

Theorem 3  Let the symmetric positive definite matrices X O,Y 0 s and the matrices

MO e Rrxn R L0 e R and FO e R"* 9 solutions of the optimization problem
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o X I
Maximise Trace R
X, Y,M,L,F I Y

X 1
>0,
1Y

X I
(c~:bi—aiTXeq>0) aT{ }ai—(}ZSO,

i i

HZ-N(X,F) Z, +M
4 4

7T T <
iZ +M Glz(YaL)

b

with

H, (X,F)=A X+ XA_+FC, +CLF" +21x,
A A A A A
T T T
G, .(Y,L)y=A._ Y+YA,_ +B_L+L B, +2nY,
A lA A lA A

Z; =A_+YAl X +L"Bl x +yc[ F" +2q1.
A 7 A A

A

Then, (43) is the maximum stability volume ellipsoid contained in the inclusion polyhedron (44) and the
strictly proper dynamic output control (41) defined for the j-th equilibrium point of the nonlinear system

stabilizes quadratically the system (39-40) with a positive Lyapunov decay rate 77, i 7= L---,N 7 and

i=1,2(2n).

Proof The closed loop system (42) is asymptotically stable with a positive Lyapunov decay rate equal to 77 if

there exists a symmetric positive definite matrix S €

A, S+, +2S <0,

iA

where Set S -l are matrices partitioned into four blocks of dimension n x n such that

>

SAYVS_I X U
“lyT oy vl x|

A _1 _
where X = (Y 24 1VT) >y resulting in the matrix inequality (46). Substituting S in (8) by the

partitioned matrix

X I
1Y
gives (47). Introducing the new variables

L=C VT F=UB,,M=vATUT,

and multiplying (49) on the left and right by the matrices 7' eT and T, where

iRanZn

(45)

(46)

(47)

(48)

O

(49)

(50)
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X U
T, = ,
gives (48). |

Remark 4 Theorem 3 requires |_2(2n) + NZ + IJN LMIs and n[3(n + l)/2 +m+ q]N unknowns.

The previous matrix inequalities are not linear but bilinear. However, the particular structure of the matrix
inequalities allows us the use of relaxation algorithms [10] for every uncertain linear model. The quadratic
Lyapunov function of the system (42) is

vix,)=x'sVx,. (51)
The positive Lyapunov decay rate means

Ly (x.0) <=2 (X 0), (52
thus

r(x.m)<e " v (x,0). (53

So that the asymptotic stability of the augmented system (42) can be expressed as

= )
X< x5 e X, 0
where |k (S G )) is a Lyapunov matrix depending constant [3]. Doing

with #() the initial operation time, we can evaluate (54) at £ = + 7, / n

(34

2

() , yielding

-7
|x, (1) <e "X, 0. (55)
()
system (42). By changing 7, it will be possible to modulate the neighborhood around an attractive

equilibrium point, by fixing a minimum time transition such that the augmented system’s state is into the
attraction domain of the following equilibrium point. By this way, we’ll have a scheduled dynamic output

control technique based on a minimum time transition j — j+1

In other words, the positive Lyapunov decay rate 77°/  plays the role of a constant time for the augmented

T

tj :tO+T’j:1,“.’N_1 . (56)
n

5. Numerical Application

The objective of this section is simply to illustrate the implementation of the transition algorithm, Let a
mechanical vibrational system [4] represented for the state equations

xp(2) = x, (1)
£ (0= =51 (0|5 O ~1)er () +u(®)

(57

The operating vector is i/ = [xl , X9, u]T and doing f’ (xo U 0 )z 0 yields
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Xy =0,u=xq, (58)

resulting in the equilibrium manifold

1= { w =[x, x,ul” €W :x,,u satisfy (58) Vx, } (39)

We study the feasibility of the approach by considering the state feedback synthesis for the transition
[xl , X5 ] : [— 0.5, 0] - [0.5, 0] in IT. However, to show the robustness of the algorithm with respect to the

initial condition selection, we choose [xl , X ] : [— 1, 0.4] belonging to the attraction domain of [— 0.5,0]

The figures 3, 4 and 5 show the state variables and the control signal, respectively. We see that the transition
time is 7 sec. And the control signal presents discontinuities at the instants of commutation. Finally, the figure
6 allows us to see the state trajectory in the interior of the stability invariant ellipsoids and these contained in
the inclusion polyhedrons.

x1 x2

0.6 0.6
/—\\

04 0.5

0.2 /
0.4

-0.2
02
04
0.1
-0.6
-0.8 0
N
1 -0.1
0 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Time Time
Figure 3. Evolution of the state variable X1 Figure 4. Evolution of the state variable *2
(;ontrol
0.6 /— 0.8
0.4 06k
02 0al Zi \\
0 ! \\
\ 02 \
-0.2 \
04 //\ J} \ ¥ 0 + +
06 0.2+
) L
-0.8 04}
! 0.6}
1.2
o 1 2 3 4 5 6 7 8 9 10 08 ‘ ‘ ‘ ‘ ‘ ‘
Time -1.5 -1 -0.5 0 0.5 1 1.5
x1
Figure 6. State trajectory for the initial condition
Figure 5. Evolution of the control signal [x 1-%X2 ]3 [— L 0.4]’ inclusion polyhedrons and

stability invariant ellipsoids for the considered

transition.

168 Studies in Informatics and Control, Vol. 16, No. 2, June 2007



6. Conclusion

We have developed an algorithm that guarantees the closed loop stable transition of a nonlinear system from
an actual operating point to a desired one. A polytopic uncertain linear system is used to describe the
nonlinear system in a polyhedral region around an equilibrium point. A Lyapunov function for the uncertain
linear system is used to estimate ellipsoidal stability regions of maximal volume of the nonlinear system in the
interior of the polyhedron. Repeating the procedure using a pre-specified path in the equilibrium manifold of
the nonlinear system connecting the two operating conditions, we can cover the path by a set of ellipsoids
included in the polyhedrons that assure the closed loop stability of the nonlinear system. In the case of state
feedback, the robust control laws scheduling is executed when the state trajectory reaches the attraction
domain of the following equilibrium point. If we can only measure the output, we have two approaches:
observer-based controller and dynamic compensation. In the first one, the scheduling policy is based on the
belonging of the estimated state to the stability ellipsoid of the next equilibrium point. In dynamic
compensation, the scheduling function is of open loop type, where we fix a minimal duration of every
individual transition. Current investigation is doing in order to take into account dynamic performance not
only in a local way but in a global one.
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