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Abstract: In this paper, stabilizability conditions for switched linear systems with constant input via two types of
switched rule which depends on the state of switched observer are presented. The obtained results provide stabilizability
conditions via state feedback switched rule. Further, two illustrative numerical examples are also given.
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1. Introduction

Switched system is one of the so-called hybrid
systems which consist of a family of
subsystems and a switching rule among them.
The aspect of the switched system is found in
various fields such as aircraft industry, mobile
robot, animal world and Ethernet etc[3],
[7].Further, the idea of switching has also been
used to design intelligent control which is
based on the switching between different
controllers. An important problem in such
switched systems is the stability problem with
arbitrary switching and the stabilization
problem via appropriate switching rule. Until
now many results on stability and stabilization
problems for various types of switched linear
systems without input have been studied (e.g.,

[1].[2].[3]. [6] [8]-[20]).

In addition, it is also important to consider the
case which contains the control input for

practical applications. In particular, Deaecto et al.

[4] gave some conditions for some equilibrium
point to be globally asymptotically stable via
state feedback switched rule. The conditions are
related to continuous-time switched linear
system with constant input. The results were
applied to DC-DC converters control design.
However, the same problems via switched
observer which contains information of the
outputs instead of the state for the switched
systems have not been investigated.

The objective of this paper is to study
conditions under which equilibrium points are
globally asymptotically stable via the switched
observer. The conditions are related to
continuous-time switched linear systems with
constant input. In Section 2 the main results of

this paper are given. In Section3two illustrative
numerical examples are shown. Finally,
concluding remarks are given in Section 4.

2. Stabilizability Conditions

At first, the following notations which will be
needed throughout this study are given.

Notations
—  Amax (M) is the maximum eigenvalue of a

symmetric matrix M € R™",
— |M] is the maximum singular value of a
matrix M € R™™ (i.e.,[M [ = Apax (M TM)).

— For two matricesM, M,, M; > M, implies
that M; — M, is positive definite (i.e.,
M; — M, >0).

N
- A:=[A:(/\1,A2,---,>\N)|Z/\i:1,/\i20].

i=1

N
— A= ONAL A= Ay ) EA
i=1

~ N={12,--N}.

— argminS = min{i:si :min(sj)} That is
the minimum indexi such that s; is equal to
the smallest element of the ordered set

S={s1,8, sy }-

Next, consider the following continuous-time
switched linear system
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[ X() = Ay (zyX(1) + B,z nu (D), X(0) = X,
7 y(®) =C, (),

where x(t) € R"is the state,u(t) =u e R™ is the

constant input, y(t)eRP is the output,

X(t) € R"is the state of the following switched
linear observer.

d . A -
a X(t) = Av(f(,t)x(t) + La(i,t){y(t) - Co(i,t)x(t)} (1)
+ Ba(ﬁ,t)u'

where o(X,t):R"xR" — N is the switching
strategy which depends on the observer state X
and L, is the observer gain.

Now, consider the following closed-loop
system 5. combined by the switched system

s»_and the switched observer (1).

i : i )?(t) _ lAﬂ(i,t) La(i,t)Cﬂ(i,t) X(t)
T odt 0 Axy—LonCory
+ [Bac()f(,l) u,

where  x(t):=[X"(t) (x(t)—X(®)'1" is the
extended state vector.

The following lemma will be used to prove our
main results.

Lemmal. [14] Suppose that >0, n>0,
R € R™"(>0) is a positive-definite matrix and
L, eR™P,C, e RP",

IfH, =—-PRL,C,and

max||H(T||2
a> oeN
€n

then the following matrix

. el —RL,C,

T HRLC)T anl
is positive-definite. O
Then, the following theorem can be obtained.

Theorem 1. Suppose that a switched system
¥, with constant input u(t)=u is given. Let

x, € R" be given. Suppose that the following
two conditions (i) and (ii) are satisfied:

(i) There exist A € A, a positive-definite matrix
R (>0)ande >0such that

AR +RA, <—l, 2

AXe +B\u=0. ®)

(if)There exist a positive-definite matrix
P, (>0)and Y; e R™P (i=1---,N)such that

AP, +P,A —ClY, —Y,C; < —7l
: (4)
ALP, + P Ay —ClLYN —Y\Cy < 7l

for some n>0.

Then lim x(t) = x, for an arbitrary initial state

t—oo
%o € R"via the switching rule
o(X,t)=arg minéPl(Ai+ B;u), fi=R%— X (5)
ieN
which depends on the state ¢ of switched

observer (1) with observer gain matrices
L =Rt (i=1-,N).

Proof. Define £:=[¢' (¢—&)T]" (E:=x—X,)
quadratic V(E) as
V(€)= £TPE .Denote H,, = —PL,C, and

and a form

- [Am 0
[0 aPR)
where P is a positive-definite  matrix.
Suppose that
2
max||H, |
a>2 (>0),
en

Then, it follows from (2), (3), (4) and (5) that
the time derivative of V(¢) satisfies the
following equations:

R 0

.- . P 0
V()= 5T 1
©) 0 aP,

O (0% P2

E+¢7

—{A, %+ L,C, (x— %) +B,u}" R¢

+o{(A, —L,C,)(x— N} Py (£ —€)

8 http://www.sic.ici.ro
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+ETR{A R+ L,C, (x— %) +B,u}
+a(6— &) PAA, —L,C,)(x— R}
=26TR (A, X+ B,u)+ 2" RL,C, (x—X)
+2a(6— &) Py (A, —L,C,)(x— %)
=2¢TR (A, X+ B,u)
+2€"RL C (€ + %) — (€ + %)}
+2a(6— &) Py (A, — L,C,)
L(E+%) — (E+%)}
- 2?;?{5%1(/*“ Bju)}
+2¢"RL,C, (€~ ¢)
+20(§ =) Py(A, —L,C,)(E—9)
= min[27 LA €+ %) + Bu}]
+26TRL,C,(-9)
+aE-9™(A, -LC,)TR,
+ Py (A, — L,C,)HE—E)
= minf¢T(ATR+ PA)E
+26TR(AX, +Bu)}
+2¢"RL,C, (€~
+a(E- &) (ATP, + RA,
—CIY] =Y,C ) §)
< ming€T(ATP + PAV
+26TR (A, +ByU)}
+28TRL,C, (6-&) ~an(E - O (€-¢)
< —efTé+2"RL,C, (- §)

—an(E-&T(E-9)

T AT el ~RL,C,

= KON o
l é: .
£-¢

max Ho_||2

Since >N
En

(>0), it follows from

Lemmal that
~ el —-RL,C,

T -®LCHT  anl

is positive-definite. Hence %V(£)<0 which

implies thatV (€) is a Lyapunov function for the
extended switched system s which implies

Jim £(t) = lim (%(t) — %) =0

and

t[TO(fS (1) —€@1) = tingo(x(t) —X(t))=0.

Thus, tILTO X(t) = x, for an arbitrary initial state

% €R" via the switching rule
completes the proof of Theoreml. O

(2).This

The following theorem says that the state x,is
asymptotically stable via the switched rule
which is linear on Xif there exists a common
solution P (>0) satisfying Lyapunov
inequalities for stable subsystems matrices
A (i=1--,N).

Theorem 2. Suppose that a switched system
>, Wwith constant input u(t)=u and x, € R"
be given. If the following two conditions (i)
and (ii) are satisfied, then lim x(t) = x, for an

t—oo

arbitrary  initial state x, € R" via the

switching rule

o(X,1)=arg minéPl(A,-xe + Bju), £i=f%— X (6)
ieN

which depends on the state X of switched
observer (1) with L_:=p,"v .

(i) There exist A € A, a positive-definite matrix
P, (>0)ande > 0such that

ATR +PRA <—¢l, @)
A/\Xe + B)\u =0. (8)

(ii)There exist a positive-definite matrix P,
(>0)and Y; € R™P such that
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AP, +PA —CY,T —Y,C <l

- 9)
AU, + PyAy —CRYN —YnCy <]

for some n>0.
Proof. Define &:=[¢T (¢—&)T]T (£:=x—X,)
and a quadratic form V (¢) as

R 0

N_ TP pe
V) =¢Pg, P=1/ op,|

where p is apositive-definite matrix and

max ||H(,||2
a>2N___ (>0), H,
€n
Then, it follows from (6), (7), (8) and (9) that the
time derivative of V (£) satisfies the equations:

=—RL,C,.

R
0 a P2

L N
VO=XT| 5 p 6+

={A,%+L,C, (x— ) +B,u}' B¢
+o{(A, —L,C,)(x— R} Ry(¢ )
+ETR{A, X+ L,C, (x— %)+ B,u}
+a(6— 8T R{(A, — L,C,)(x— %)}

=2¢"R (A, X+ B,u) + 2" RL,C, (x— )
+2a(6— &) R (A, —L,C,)(x—X)

=26TRAE + 2 R (A, X +B,U)
+2€ RL, C,{(€ +%) — (€ + %)}
+20(¢ = )R (A, — L,C,)
{(E+%) — (E+%)}
=T (AR +RA,)E
+2min€TR(AX, + Bu)
+2TRL,C, (€~ )
+2a(¢ = R(A, ~L,C,)(E~§)
<—e£T€+2min 'R (A% + Bu)
YN
+2¢"RL,C, (—¢)
+a(E— (A, —L,C,)'R,
+ P (A, —L,C,)HE - §)

=—e€'€+2¢"RL,C, (€ §)
+a(E =) (AR + RA,
—CIY =Y,C,)(E-9)
<—e€'€+26TRL,C, (€ §)
—an(E-)T (€6

- “ | —RBLC
__[fT e AT € 1-o™~0
) ]—(PlLUcU)T o

| q
§-¢
Hence, it follows from Lemmal that

%V(§)<O which implies that V(¢) is a

Lyapunov function for the extended switched
system x_. Thus, tIim X(t)=x for an
—0Q

arbitrary initial state x, €R" via the

switching rule (6). O
3. lllustrative Numerical Examples

In this section, two numerical examples for
TheoremZland Theorem2 will be shown.

3.1 An example for Theorem 1
Consider the two-dimensional switched linear
system ¥ with constant input which consists of

two subsystems and switched observer (1).
Here, each subsystem’s matrices A, input

matrices B, and output matrices C;, are as

follows. In this example, we note that
A and A, are unstable.

-1 2 3

S PR
-1 -2 2

A2:_2 _1, Bzzl, CZI[G 1]

Now, if we choose an inputu=1, a positive
definite matrix B =1,,e =1/2, parameters

(N +X=1)

and x,=[2 1]", then the condition (i) of
Theoreml is satisfied.

N =04 )\ =06

Next, if we choose the observer gain

Ll = PzilYl, L2 = P271Y2,

10 http://www.sic.ici.ro
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3
2

then the condition (ii) of Theoreml is also
satisfied. Thus, x, is globally asymptotically

stable via the following switched rule

5
Where P]_: |2, Yl = y Y2 = 1 and 77:1/8,

o(X,t) =arg min R (AKX + Bu).

ie{L,2} ' ' (10)
In fact, for this example, if we choose an initial
state X, =[3 6]" of the system =, and x, =
[3 5.5]" of the switched observer (1), then we
have

£ (AR + Bu) = 26.7500

= ~ &= )20 — Xe-
&PL(AXg + Byu) = —59.2500

According to the switching rules(%,t) in (10),
a(X,0)=2 is chosen. Further, if we choose

the number of subsystems according to the
switching rule in the same way, then we can

see the states x(t) and X(t) go tox,as t tends to
00 (see Figure 1).

3.2 An example for Theorem 2
Consider the two-dimensional switched linear
system ¥ with constant input which consists of

two subsystems and switched observer (1).
Here, each subsystem’s matrices A, input

matrices B, and output matrices C;, are
as follows.

MR-
Az=\j _Ol, Bzzjl, C,=[2 1]

Now, if we choose an inputu=1, a positive
definite matrix B =1,,e =1/2, parameters

and x,=[2 1]', then the condition (i) of
Theorem?2 is satisfied.

Next, if we choose the observer gain

Ll = PzilYl, L2 = P271Y2,

x2

x1

Figure 1. State trajectories of x(t) and X(t)
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1 3
where B =1,,Y; = 0 Yo = 1 and a parameter

n=1, then the condition (ii) of Theorem2 is
satisfied. Thus, x, is globally asymptotically
stable via the following switched rule
o(%,t) = arg min £P, (A X, + Biu).

SR 1(AXe +B; (11)
In fact, for this example, if we choose an initial
state X, =[6 3]' of the system ©_ and x, =

[6 2.7]" of the switched observer (1), then
we have

P (AR +BU)=-9.2000 _
~ ’ 50 = XO - Xe.
&P (A% + Byu) = —2.3000

According to the switching rules(x,t) in (11),

a(Xy,0) =1 is chosen. Further, if we choose

the number of subsystems according to the
switching rule in the same way, then we can

see the states x(t) and X(t) go to X as t
tendsto oo (see Figure 2).

4. Concluding Remarks

In this paper, stabilizability for continuous-time
switched linear systems with constant input via
switched observer was investigated. Firstly, the
conditions for equilibrium points related to the
switched linear system with constant input to
be globally asymptotically stable via switched
observer were presented. Next, two numerical
examples to illustrate the main results
(Theorem 1 and Theorem 2) were also shown,
respectively. As future studies we need to
investigate parameter insensitive stabilization
problems for switched linear systems, with
constant input via switched observer.
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x2

x1

Figure 2. State trajectories of x(t) and X(t)
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