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Abstract: A control scheme is proposed in the present paper that introduces Two Degree of Freedom (2-DOF) controller to
eliminate the effect of disturbances while tracking the desired trajectory, for Two-Input Two-output (TITO) systems, by
implementing an original method that infuses three techniques such as the model order reduction, optimization and the
approximate model matching techniques. From authors’ knowledge, first time in literature, the objective of this kind of a
proposed method is to accomplish a single low order 2-DOF controller, which can handle desired tracking and disturbance
rejection simultaneously, using AGTM/AGMP matching method combined with optimization technique. The desired
specifications for achieving the set-point tracking may be encompassed inside what resembles a transfer function matrix.
This method is directed at ensuring that the closed loop system is stabilized by implementing a 2-DOF controller while also
guaranteeing that it is capable of exhibiting the specified performance standards. This method is cost-effective,
computationally simple, easy to implement and can be used for the design without any restriction in the structure/order of
the model closed loop transfer function or 2-DOF controller. The efficacy of the proposed methodology is realized when it
is performed on coupled tank process.
Keywords: AGTM/AGMP matching method; 2-DOF controller; model matching; model order reduction; TITO system.

1. Introduction
Modern control law design techniques based on
LQG control and H∞ optimization result in
high-order controllers that are at least as
complex as the model of the system to be
controlled. The order of such controllers may
be equal to that of the plant or may even exceed
it. These high order controllers increase
computational complexity. Optimal controllers
often turn out to be fragile, i.e. they are very
sensitive to coefficient perturbations and are
more likely to go unstable under very small
parameter changes. Moreover, such ‘optimal’
controllers often require feedback of all the
states that makes state estimators mandatory.
Thus, a need exists for a design method that
provides a simple low order implementable
controller, that too in a 2-DOF structure, which
can simultaneously handle, desired tracking
and disturbance rejection along with closed
loop stability in MIMO plants, using only
output feedback. The goal of the present paper
is to design, for the first time, a 2-DOF
controller for Two-Input Two-output (TITO)
process, for set-point tracking and disturbance
rejection, using Approximate Generalized Time
Moments (AGTM)/Approximate Generalized
Markov Parameters (AGMP) matching method
and Genetic Algorithm. Although a significant
attempt has been employed in the design
of multivariable compensators, the designed

its corresponding execution is a persistent
problem for the control engineers as there are
few or not practical approaches to deal with it.
The methods [6,9,5,26] works well for the
SISO systems but cannot be applied on the
MIMO systems. In the current paper, in
conjunction with desired tracking, the
importance of disturbance rejection and closed
loop stability has been recognized. Most of the
conventional controllers are in 1-DOF structure,
where options for tuning are less [3,4].
For simultaneously dealing with both the
concerns that includes accomplishing the
desired system response as is expected from the
model and achieving the adequate disturbance
rejection to nullify the effect of disturbance
acting on the plant, it is important that the
controller reaches a configuration of at least 2DOF [27,11]. However, the techniques
implemented in altering the attributes of the 2DOF controllers have not been well positioned
[18,1,17]. An improved performance can be
achieved since the 2-DOF control structure
isolates the disturbance from the reference.
Moreover,
this
closed
loop
system
implemented with a controller of 2-DOF
specification exhibits the desired level of
performance by accessing both the output and
reference signals and comes under the same
cost category of the controller that belongs to
the 1-DOF specification. In addition to all these
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benefits, this proposed controller using the 2DOF specification always guarantees stability.
In comparison to SISO complements, the
processes that belong to MIMO controllers are
more complicated to manage as there exist
cross-coupling amidst the output and input
variables. While designing the 2-DOF
controller for MIMO systems presented in [2,
28] it employs SISO systems obtained as a
result of decoupling. In contrast with this, the
proposed method considers the MIMO transfer
function, as it is, for the controller design.
Another advantage of implementing this
technique is that it is the most generalized one
and does not belong to any specific criterion
of systems.
The necessity of merging the controller design
and the order reduction techniques has been
specified in [8]. The implementation of the
model matching technique for operating the
controller design is quite old and dates back to
several decades ago [12].The novel method in
this paper combines both the concepts of model
matching and order reduction in order to
achieve an excellent 2-DOF controller design
procedure, where all the data associated with
the plant is maintained as such.
In this paper, the goal is to design, a low order
implementable model matching 2-DOF
controller for set-point tracking and disturbance
rejection, while guaranteeing stability of the
closed loop system, using model matching tool,
based on AGTM/AGMP method, and
optimization technique. The desired model, to
be matched, is chosen as the closed loop system
with specified performance. For the present
work, this transfer function matrix for set-point
tracking is specified as the closed loop transfer
function matrix of the LQG controlled TITO
system. This closed loop system that belongs to
the 2-DOF specification is designed with an
objective to have the performance same as that
of the desired closed loop system. Genetic
Algorithm (GA) is used to solve the
optimization problem involved [16,7,15,20].
The major benefit of implementing this method
is that it does not require two controllers to
achieve disturbance rejection and set-point
tracking simultaneously. Another advantage is
that the controller structure and its order can be
specified by the designer. In the current paper,
to make it cost effective and to reduce the
complexity of computation, the matrices Q(s),
H(s) and K(s) of the 2-DOF controller are taken
as diagonal. The method proposes a costeffective approach in comparison with the
106
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existing works, for achieving disturbance
rejection and set-point tracking simultaneously.
The method is simple to compute and can be
implemented with ease. This system with the
proposed 2-DOF controller is an output
feedback system which is near-equivalent to an
optimal state feedback one, if the desired
performance is embodied in the model,
specified as the LQG controlled system. In this
sense, the controller proposed in this paper
is suboptimal.
The remaining portion of this brief can be
summarized as follows. Section 2 contributes to
a general 2-DOF controller design problem
formulation in a model matching framework.
The anticipated technique for designing the
controller that belongs to the specification of 2DOF is contained in Section 3. Likewise
Section 4 contains the simulation results obtained
by the implementation of the new method to a
coupled-tank process. The paper is wrapped up
with concluding remarks in Section 5.

2. Problem Formulation
The problem of designing a 2-DOF control
system via model matching approach may be
stated as follows: Given a process whose
performance is unsatisfactory and a closed loop
reference
model
having
the
desired
performance, derive a 2-DOF controller such
that performance of the augmented process
matches that of the model. Important aspects of
2-DOF controller design and implementation,
of concern, are the order and the subsequent
hardware complexity. Usually, a high order
plant is first reduced to a lower order one to
facilitate the design of low order controllers.
One may also first design a high order
controller for the high order plant and then
reduce its order, before implementation.
Objective of the method developed in this
paper is to directly design a low order
implementable 2-DOF controller while
ensuring closed loop stability and performance,
approximating closely as that obtained by the
original high order controller. Desired model
for the proposed method is the closed loop
system with LQG controller.
The 2-DOF controller design methodology
developed in the present work has the
following features:
• It is computationally simple.
• It is cost-effective.
• It ensures closed loop system stability
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• It yields practically implementable low-order
controller.
• The method does not require plant reduction.
• Desired performance of the controlled system
is specified at the outset.
Motivated by the above considerations, this is
the first attempt, in authors’ knowledge, to
consider the problem of model matching 2DOF controller design for set-point tracking
and disturbance rejection by AGTM/AGMP
matching method.

3. Proposed Method for 2-DOF
Controller Design
This section focuses on the concern of
designing the 2-DOF model matching
controller,which operates in output feedback
form with the goal of guaranteeing desired
tracking and disturbance rejection, while
ensuring closed loop system stability. The
closed loop system with the anticipated
controller that belongs to the 2-DOF structure
and plant G(s) is shown in Figure 1. The
matrices Q(s), H(s) and K(s) in Figure 1
constitute the 2-DOF controller.
D(s)
R(s)
U(s)
+ Y(s)
Q(s)

+ _

K(s)

G(s)

+

H(s)

Figure 1. Closed loop system with 2-DOF
controller

The two-input two-output open loop plant
transfer function matrix G(s) is supposed to
have the form given below, where G11(s),
G12(s), G21(s) and G22(s) are transfer functions.
G11 (s) G12 (s)
�
G21 (s) G22 (s)
The output Y(s) from Figure 1 is:
Y(s) = [I +
G(s)K(s)H(s)]−1 G(s)K(s)Q(s)R(s) +
[I + G(s)K(s)H(s)]−1 D(s)
G(s) = �

(1)

It can be written as:
Y(s) = CL1 (s)R(s) + CL2 (s)D(s) = Y1 (s) +
(2)
Y2 (s)
where CL1 (s) and CL2 (s) are the closed loop
transfer function matrices between the
reference input R(s) and the output Y1(s), and
the closed loop transfer function matrix

between the disturbance D(s) and the output
Y2(s) respectively.
The closed loop transfer function matrices
accomplished from Figure 1 are:
CL1 (s) = [I + G(s)K(s)H(s)]−1 G(s)K(s)Q(s) (3)
CL2 (s) = [I + G(s)K(s)H(s)]−1
(4)

The following subsections, give the different
phases of the proposed methodology.

3.1 Model Selection:
In this paper, M1(s) is the model closed loop
transfer function matrix for achieving the
desired tracking performance. For model
matching, M1(s) should be matched with the
closed loop transfer function matrix between
the reference inputs R(s) and the outputs Y(s).
M2(s) is chosen as the model closed loop
transfer function matrix for the required
disturbance rejection, and this has to be
matched with the closed loop transfer function
matrix between the disturbances D(s) and the
outputs Y(s).
There are different ways in which the desired
specification can be described. One way is, the
desired specification can be encapsulated to
take the form of the transfer function matrix,
built from an array of time domain
particularizations that includes rise time,
settling time, peak over shoot, etc. The other
methodology is in a state space form, in which
the desired specification can be embodied in
the weighting matrices of an optimal controller.
The model having the specified performance
for the present work is designed as the closed
loop transfer function matrix of the LQG
controlled TITO system. The specifications for
the closed loop system are embodied in the
weighting matrices as defined in the
performance index required for the design of
the LQG controller [24]. Resulting closed loop
system can be taken as the desired model
closed loop system M1(s) for set-point tracking.
M11 (s) M12 (s)
(5)
�
M21 (s) M22 (s)
The model closed loop system M2(s) for
disturbance rejection:
� 12 (s)
� (s) M
M
M2 (s) = � 11
�
(6)
� 21 (s) M
� 22 (s)
M

M1 (s) = �

For achieving tracking and disturbance
rejection simultaneously, the model transfer
function matrix for model matching is
represented as:
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M(s) = [M1 (s) M2 (s)]

(7)

CL (s) = [CL1 (s) CL2 (s)]

(8)

The closed loop transfer function matrix with
2-DOF controller is:

Define:

Ym (s) = Ym1 (s) + Ym2 (s) = M1 (s)R(s) +
M2 (s)D(s)
(9)

Ym (s) is a combination of tracking response
Ym1 (s) and disturbance response Ym2 (s). The
final value ym2 (∞) ≜ lim ym 2 (t) can be found
t→∞

out from its Laplace transform Ym2 (s) by Final
value theorem. If the function ym 2 (t) and its
first derivative are Laplace transformable and
ym 2 (t) has the Laplace transform Ym2 (s) and
the lim s Ym2 (s) exists, then:

(13)

1

k2 (s)

where q1(s), q2(s), h1(s), h2(s), k1(s) and k2(s)
are polynomials of order nq1, nq2, nh1, nh2, nk1
and nk2 respectively, whose coefficients are to
be determined. k1(s) and k2(s) are chosen as
monic polynomials.

3.2 AGTM/AGMP Matching Method:

3.3. For Desired Tracking:

s→0

Ym2 (s) is a converging signal. Ym2 (s) should
have denominator roots on the left half of splane, which indicates that Ym2 (s) is a
converging signal.
For an effective disturbance rejection, M2(s)
should be selected such as given in Table 1,
for different types of disturbance; where
(i,j)
(i,j)
MN (s) and MD (s), i,j= 1,2, are numerators
and denominators of M2(s) respectively. The
(i,j)
only condition is that MD (s) should be
stable and should not have any roots at s =0.

Step

2

Ramp

3

Parabolic

4

Sinusoidal

Transfer Function
of M2(s)
s

(i,j)

MN (s)

(i,j)
MD (s)
(i,j)
M (s)
s2 N
(i,j)
MD (s)

s3

(i,j)

MN (s)
(i,j)

MD (s)

s (s2 + ω2 )

(i,j)

MN (s)
(i,j)

MD (s)

The matrices Q(s), H(s) and K(s) of the 2-DOF
controller are chosen as diagonal, as shown in
(11), (12) and (13):

108

�

0

Type of
Disturbance

s→0

Q(s) = �

0

(12)

Table 1. Selection of M2(s)

(10)

ym2 (∞) = lim s Ym2 (s) = lim s M2 (s)D(s)

1

K(s) = �

1

k1 (s)

0
�
h2 (s)

Padé approximation, originally introduced by
Padé [10] is usually implemented across the
model order reduction. The major drawbacks of
this technique is that one cannot ensure the
steadiness
of
the
resulting
depleted
approximant in the situations involving the
depletion order modelling, as well as it doesn’t
guarantee the stabilization of the closed loop
system involving the controller as well as
affecting it’s design too.
A one-sided resolution to this concern as
anticipated in Pal [19] by identifying a new
collection of attributes called the Approximate
Generalized Time Moments (AGTM) or
Approximate Generalized Markov Parameters
(AGMP) and that are used for controller design
in [21,22,23,25,14,13]. In spite of trying to
match the coefficients of expansion about s= 0
and s= ∞, wherein one matches with s= δ in
which δ is selected to wrap up the complete
frequency sequence of the interest.

s→0

Serial
No.

h (s)
H(s) = � 1
0

q1 (s)
0
�
0
q2 (s)

http://www.sic.ici.ro

(11)

In order to match M1(s) and CL1 (s) for setpoint tracking:
(14)
M1 (s)|s=δk = CL1 (s)�
s=δk

The expansion points δk could be a positive or
negative real number or a complex point that
has been selected from any of the existing four
quadrants of the s-plane. The minimum number
of expansion points required may be made
equal to the number of undetermined attributes
of the controller to be determined.
M1 (s) = [I + G(s)K(s)H(s)]−1 G(s)K(s)Q(s) (15)
[I + G(s)K(s)H(s)] M1 (s) − G(s)K(s)Q(s) = O2∗2

(16)

Substituting Q(s), H(s) and K(s) as given in
(11), (12) and (13) in (16), results in the
following non-linear simultaneous equations
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in‘s’. For brevity of notation the argument, (s),
has been dropped.
M11 k1 k2 + G11 M11 h1 k2 + G12 M21 h2 k1 − G11 q1 k2 = 0
M12 k1 k2 + G11 M12 h1 k2 + G12 M22 h2 k1 − G12 q2k1 = 0
M21 k1 k2 + G21M11 h1 k2 + G22 M21h2 k1 − G21q1 k2 = 0
M22 k1 k2 + G21M12 h1 k2 + G22 M22h2 k1 − G22q2 k1 = 0
(17)
3.3.1. Formation of Linear Homogenous
Equations:
In each term of (17), appear the product of k1(s)
& k2(s), h1(s) & k2(s), h2(s) & k1(s), q1(s) & k2(s)
and q2(s) & k1(s). Since the 2-DOF controller
polynomials k1(s), k2(s), h1(s), h2(s), q1(s) and
q2(s) contains unknown coefficients, the
product of k1(s) & k2(s), h1(s) & k2(s), h2(s) &
k1(s), q1(s) & k2(s) and q2(s) & k1(s) will result
in a non-linear terms of their unknown
coefficients. Thus the polynomials introduced,
ai(s); i=1,2,3,4,5 in (18) through (22) are in the
work so as to remove the complexity of the
non-linear terms.
Thus defining,
k1 (s)k 2 (s) =
� a1 (s)
h1 (s)k 2 (s) =
� a2 (s)
h2 (s)k1 (s) =
� a3 (s)
q1 (s)k 2 (s) =
� a4 (s)
(s)k
(s)
=
� a5 (s)
q2
1

(18)
(19)
(20)
(21)
(22)

Orders of the product polynomials, ai(s);
i=1,2,3,4,5, are obtained respectively as:
n1 = nk1 + nk2
n2 = nh1 + nk2
n3 = nh2 + nk1
(23)
n4 = nq1 + nk2
n5 = nq2 + nk1

After substituting (18) through (22) in (17), the
non-linear equations are converted into a set of
linear non-homogeneous equations of the form:
M11 a1 + G11 M11 a 2 + G12 M21 a 3 − G11 a 4 = 0
M12 a1 + G11 M12 a 2 + G12 M22 a 3 − G12 a 5 = 0
(24)
M21 a1 + G21 M11 a 2 + G22 M21 a 3 − G21 a 4 = 0
M22 a1 + G21 M12 a 2 + G22 M22 a 3 − G22 a 5 = 0

Instead of finding the coefficients of the
polynomials of k1(s), k2(s), h1(s), h2(s), q1(s) and
q2(s), the proposed method finds the
coefficients of the product polynomials a1(s),
a2(s), a3(s), a4(s) and a5(s). Hence, the process
for solving an array of non-linear equations for
an optimum number of expansion points is
reduced to solving an array of linearly nonhomogeneous equations for a similar number of
expansion points.
The method itself assures internal stability of
the controller, since the solution of parameters

of 2–DOF controller is obtained from the
solution of simultaneous linear equation in
(24), which in turn is formulated on the base of
expansion points by heuristic approach.
3.3.2. Conversion to Matrix form:
Since k1(s) and k2(s) are chosen as monic
polynomials, a1(s) will also be a monic
polynomial, as shown in Eq.(24):
(1)
(2)
a1 (s) = s n1 + X1 sn1 −1 + X1 sn1 −2 + ⋯ +
(n )
X1 1 s 0
(25)
This can be written in matrix form as:
(26)
a1 (s) = s n1 + S1 X1
Where
(27)
S1 = [s n1 −1 s n1 −2 … s s 0 ]
X1 = �X1(1)

(2)

X1

(n1 ) T

(n1 −1)

… X1

X1

�

(28)

Similarly a2 (s), a3 (s), a4 (s) and a5 (s) can be
written as:
ai (s) = Si Xi
i=2,3,4,5.
(29)

where

Si = [s ni

�Xi(1)

s ni−1
(2)
Xi

… s s0]
(n )
Xi i

(n +1) T
Xi i �

(30)

Xi =
(31)
…
Xi’s are coefficients needs to be formed. The
entire number of undetermined coefficients is,
N = n1+n2+1+n3+1+n4+1+n5+1. Using (26) and
(29), (24) can be rearranged into a matrix
equation of the form,
M11 S1
M12 S1
�
M21 S1
M22 S1
−s

n1

G11 M11 S2
G11 M12 S2
G21 M11 S2
G21 M12 S2

M11
M12
�
�
M21
M22

G12 M21 S3
G12 M22 S3
G22 M21 S3
G22 M22 S3

−G11 S4
O4
−G21 S4
O4

X1
O5
⎡X ⎤
−G12 S5 ⎢ 2 ⎥
� ⎢X3 ⎥ =
O5
X
−G22 S5 ⎢ 4 ⎥
⎣X5 ⎦

(32)

Ok = null matrix of nk+1 columns. Equation
(32) can be expressed in more condensed
matrix form of simultaneous equations as:
D1 X = F1
(33)
where D1 and F1 are functions of “s” and X
is the matrix of unknown parameters to
be determined.
3.4. For Disturbance Rejection:
To match M2(s) and CL2 (s) for disturbance
rejection:
M2 (s)|s=δk = CL2 (s)�

s=δk

(34)

Equation (34) results in the following nonlinear simultaneous equations in‘s’.

Studies in Informatics and Control, Vol. 26, No. 1, March 2017

http://www.sic.ici.ro

109

� 11 k1 k 2 + G11 M
� 11 h1 k 2 + G12 M
� 21 h2 k1 = 0
M
� 12 h1 k 2 + G12 M
� 22 h2 k1 = 0
� 12 k1 k 2 + G11 M
M
�
� 21 h2 k1 = 0
�
M21 k1 k 2 + G21 M11 h1 k 2 + G22 M
� 12 h1 k 2 + G22 M
� 22 h2 k1 = 0
� 22 k1 k 2 + G21 M
M

(35)

3.6. Evaluation about the Expansion points:

3.4.1. Formation of Linear Homogenous
Equations:

In order to simplify the solution, the product of
k1(s) & k2(s), h1(s) & k2(s), h2(s) & k1(s), q1(s) &
k2(s) and q2(s)&k1(s) are set as single polynomials
ai(s); i=1,2,3,4,5 in (18) through (22).
� 11 a2 + G12 M
� 21 a3 = 0
� 11 a1 + G11 M
M
�
�
� 22 a3 = 0
M12 a1 + G11 M12 a2 + G12 M
(36)
� 21 a1 + G21 M
� 11 a2 + G22 M
� 21 a3 = 0
M
� 22 a1 + G21 M
� 12 a2 + G22 M
� 22 a3 = 0
M
Now solving an array of non-linear equations is
reduced to solving an array of linearly nonhomogeneous equations for a similar number of
expansion points.
3.4.2. Conversion to Matrix form:
Since k1(s) and k2(s) are chosen as monic
polynomial, a1(s) can be written in matrix form
as in (26) and ai(s), i=2,3,4,5, can be written as
in (29) respectively. Rearrange (36) into a
matrix equation of the form:
� S G11 M
� 11 S2
M
⎡ 11 1
�
�
M
S
G
M
⎢ 12 1
11 12 S2
⎢M
� 21 S1 G21 M
� 11 S2
⎢
�
� 12 S2
⎣M22 S1 G21 M
M11
M
−s n1 � 12 �
M21
M22

� 21 S3
G12 M
� 22 S3
G12 M
� 21 S3
G22 M
� 22 S3
G22 M

O4
O4
O4
O4

O5 ⎡ X 1 ⎤
⎤ X
O5 ⎥ ⎢ 2 ⎥
X3 =
O5 ⎥⎥ ⎢X ⎥
⎢ 4⎥
O5 ⎦ ⎣X5 ⎦

(37)

3.5. Desired Tracking and Disturbance
rejection
The overall set of linear non-homogeneous
equations is formulated by combining (33) and
(38) to achieve tracking and output disturbance
rejection simultaneously. This is given by:
DX = F
(39)
110

Xq
X = �X h �
Xk

F=�

F1
�
F2

http://www.sic.ici.ro

Now evaluate D and F at the expansion points
δk , such that:
(41)

DX |s=δk = F |s=δk
Let
P = D |s=δk and
R = F |s=δk
where k=1,2,…n. Then
PX = R
where P and R are,
D1
D2
P=� �
⋮
Dn

(42)
(43)

F1
F2
R=� �
⋮
Fn

(44)

Solution of (43) gives the unknown coefficients
of the product polynomials ai(s); i=1,2,3,4,5.
3.7. Closed
Matrices:

Loop

Transfer

Function

The closed loop transfer function matrices,
CL1 (s) and CL2 (s) can be expressed as a
function of product polynomials ai(s);
i=1,2,3,4,5 as:
CL1 (s) =

Whenever it requires disturbance rejecting 2DOF controller design alone, then the designer
need to find out only the first three polynomials
ai(s); i=1,2,3 corresponding to X1, X2 and X3.
Then the null matrices O4 and O5 need not
be used.
Equation (37) can be expressed in more
condensed matrix form of simultaneous
equations as:
D2 X = F2
(38)

D
D = � 1�
D2

where D and F are functions of ‘s’ and X is
the matrix of unknown parameters to
be determined.

1
N (s)
d(s) 1

(45)

where d(s) is common for CL1 (s) and CL2 (s).
d(s) = (a1 )2 + a1 (G11 a2 + G22 a3 ) +
(G11 G22 − G21 G12 )a2 a3

(46)

and
N(s)

a1 a 5
(G11 G22 − G12 G21 )
a5 G12
a4 G11 +
a1
�
=�
a5 a2
(G12 G22 − G12 G21 )
a4 G21
a5 G22 +
a1

(47)

Then CL2 (s) can be expressed as:

CL2 (s) =

Where

N2 (s) = �

1
N (s)
d(s) 2

(a1 )2 + G22 a 3 a1
−G21 a 2 a1

(48)

−G12 a 3 a1
� (49)
(a1 )2 + G11 a 2 a1

Hence without finding the 2-DOF controller
polynomials, q1(s), q2(s), h1(s), h2(s), k1(s) and
k2(s), one can directly find out the closed loop
transfer function matrices using the product
polynomials ai(s); i=1,2,3,4,5.

(40)
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3.8. Two-Degree of Freedom Controller
polynomials:
The 2-DOF controller polynomials q1(s), q2(s),
h1(s), h2(s), k1(s) and k2(s) can be found out
from polynomials ai(s); i=1,2,3,4,5, given in
(18) through (22). The solution of these
equations yields the parameters of the
decentralized 2-DOF controller in the form of
the coefficients of the polynomials q1(s), q2(s),
h1(s), h2(s), k1(s) and k2(s). The present work
suggests two approaches for this, namely, least
square approach and hardware flexible
approach.
3.8.1. Least square approach:
First approach is formulation of the
simultaneous equations, keeping k1(s) and k2(s)
as monic polynomials, yields least square
solution of q1(s), q2(s), h1(s), h2(s), k1(s) and
k2(s). In hardware flexible solution, select any
two polynomials among q1(s), q2(s), h1(s), h2(s),
k1(s) and k2(s), according to the availability of
components and remaining polynomials can be
found from (18) through (22), thereby giving
flexibility in implementation.
From (18) and (19):
a1 (s)
a2 (s)

k (s)

= h1 (s)
1

On cross multiplication:
a2 (s)k1 (s) = a1 (s)h1 (s)

(50)
(51)

From (18) and (20):
a3 (s)
a1 (s)

h (s)

= k2(s)
2

By cross multiplication of (52):
a3 (s)k 2 (s) = a1 (s)h2 (s)

(52)
(53)

For finding out the unknown coefficients of the
polynomials h1(s) and k1(s), equate the
coefficients of equal powers of (51). To solve
for the unknown coefficients of the
polynomials h2(s) and k2(s), equate the
coefficients of equal powers of (53). Knowing
k1(s) and k2(s), q1(s) and q2(s) can be obtained
from (21) and (22). This procedure results in
least square solution of the 2-DOF controller
polynomials q1(s), q2(s), h1(s), h2(s), k1(s), k2(s).
3.8.2. Hardware flexible approach:
There may be a chance of components not
available for implementing the 2-DOF
controller polynomials q1(s), q2(s), h1(s), h2(s),
k1(s) and k2(s), obtained by least square
approach given in section 3.8.1. Hence one can
go for a solution by randomly selecting any two
polynomials among q1(s), q2(s), h1(s), h2(s),

k1(s) and k2(s), according to the availability of
components and remaining polynomials can be
found from (18) through (22). This way of
selection ensures the internal stability of 2DOF controller, by appropriately choosing any
two denominator polynomials, and remaining
polynomials can be determined from (18)
through (22). This hardware flexible solution
may
give
hardware
flexibility
in
implementation of 2-DOF controller.
3.9. Optimal Expansion points and Closed
loop system Stability:
In the current scenario that involves the
controller design, the selection of the extension
points is determined depending on the
stabilization and execution of the closed loop
system. It is imperative to design the controller
in such a way that the closed loop system
responds in a satisfying manner where in it
meets the expected specifications also, ensuring
the stability of the closed loop structure
alongside. In the current scenario, the goals of
selecting optimum expansion points is assumed
to be one of the constraints involved in the
optimization concern which can be resolved by
implementing the Genetic Algorithm (GA).The
concern of optimization, normally can be
specified as:
Find δk , k=1,2,…,n in order to diminish:
t

2

t

J = ∫t f�ym1 (t) − y1 (t)� dt + ∫t f�ym2 (t) −
i

2

i

(54)
subject to the constraints: real parts of the poles
of closed loop system should be on left-half
of s-plane.
{real[poleCL (s)]} < 0
(55)
where, ym1 (t)and ym2 (t) are the responses of
the models, M1(s) and M2(s) respectively;
where y1 (t) and y2 (t) are the responses of
closed loop system with plant and a 2-DOF
controller for set point tracking and disturbance
rejection respectively; ti and tf are initial time
and final time respectively, with tf - ti equal to
the operating time of the plant. The stability of
the closed loop system is ensured by a
constraint in GA in (55).
y2 (t)� dt

4. Numerical Simulation
The proposed method is illustrated on a
coupled-tank that comprises of the two-inputtwo-output process [2], shown in Figure2. In
coupled-tank process, the objective is to control
the level in both the tanks through the inlet
flow of water from both pumps. The inputs
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used in the process are u1(t) and u2(t), the input
voltages to both the pump. The process outputs
includes h1(t) and h2(t),
water levels in
tank1and tank2 respectively.

Table 2. Performance Index, Expansion points and
weighting matrices.
Weighting matrices of LQG
controller
Qc =
Qf =
[1 1 0 0 0 000;
[11 0 0 0 000;
11 0 0 0 0 0 0;
1 1 0 0 0 000;
0 0 1 0 0 0 00;
0 0 1 0 00 0 0;
0 0 0 1 0 0 00;
0 0 0 1 0 0 00;
0 0 0 0 1 0 00;
0 0 0 0 1 0 00;
0 0 0 0 0 1 00;
00 0 0 01 00;
0 0 0 0 0 0 10;
00 0 0 0 0 1 0;
0 0 0 00 00 1]
0 00 0 0 0 0 1]
Rc =
[2 1;1 3]

Expansion
points δk
-0.3520
-0.8917
-0.0036
0.0272

J

9.3

Rf =
[3 1;1 4]

Q2
Q1
Figure 2. The Coupled-Tank Process [2].

The two-input two-output transfer function
matrix G(s) of coupled-tank process is:
G(s) =

0.04347 s +0.0124

2
s +0.0006032
�s + 0.05461
0.0005161

s2 + 0.05461 s +0.0006032

0.0004638

s2 + 0.05461 s +0.0006032
0.03906 s +0.001019 �

(56)

s2 + 0.05461 s +0.0006032

The model closed loop system M1(s) is selected
the closed loop transfer function matrix
corresponding to the LQG controlled coupledtank process. For a step input disturbance, the
model transfer function matrix M2(s)
corresponding for disturbance rejection is
chosen as:
10 s
10−4
s2 + 9 s +10
M(s) = �
(57)
�
s
10−4
s2

Figure 3. Step responses of the model and closed
loop system with 2-DOF controller for set-point
tracking

+3 s +4

Applying the proposed methodology, a
minimized performance index is obtained, J=
9.3, establishing good matching between the
desired and designed responses and a good
disturbance rejection too. Weighting matrices
of LQG controller, optimal expansion points
and Performance Index obtained are given in
Table 2. The step response obtained for both
set-point tracking and disturbance rejection are
given in Figure 3 and Figure 4 respectively.
Best fitness value over number of generations
is given in Figure 5, shows the smooth
convergence of GA. The optimum expansion
points are found out by implementing genetic
algorithm. The expansion points obtained are 0.3520, -0.8917, -0.0036 and 0.0272. Here the
performance index, given in (54), comprises
of the area between the anticipated response
and the accomplished response.
The presentation index, J, is depleted in order
to ensure that the accomplished result is way
near to the anticipated response.
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Figure 4. Step responses of the model and closed
loop system with 2-DOF controller for disturbance
rejection
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Figure 5. Best fitness value over number of
generations plot of GA

These 2-DOF controller parameters can be found
out either as Least squares or as hardware flexible
solution on user’s requirement. Here, both Least
squares solution and hardware flexible solution are
determined as described in section 3.8.1 and 3.8.2.
The Least squares solution of the 2-DOF
controller parameters obtained:
5.8 s + 4.8
0
Q(s) = �
�
0
10 s + 3.2
1094.9 s + 625.6
0
H(s) = �
�
0
300.5 s + 1251.9
1
0
K(s) = �s+4.2
1 �
0
s+3.14

The hardware flexible solution of the parameters
of the 2-DOF controller:
Let k1(s) = s+3 and k2(s) = s+4, then q1(s), q2(s),
h1(s) and h2(s) can be found out from Eq.(19)
through Eq.(22).
5.8 s + 3.8
Q(s) = �
0

0
�
10 s + 4.4

1094.9 s + 11.2
0
H(s) = �
�
0
300.5 s + 39.9
1
0
K(s) = �s+3 1 �
0
s+4

5. Conclusion

Overall, this paper provides a framework for
the less conservative building of a generalized
controller belonging to the 2-DOF structure
designed for a TITO system, where the resulting
output of the closed loop system is found to
match the specifications of the desired model
while nullifying the effect of disturbance. The
concern of finding out the attributes of the
controller that belongsto the 2-DOF structure
hasbeen obtained from the solution of the array of
the linearly non-homogeneous equations. This
equation set that comprises of non-homogeneous
linear ones are accomplished by using the concept
of AGTM/AGMP method in which the closed
loop system responds at specific frequency

points over the s-plane which synchronizes with
the expected design model.
To confront or deal with both the concerns,
desired tracking and disturbance rejection, at the
same time, it is necessary to acquire a controller
with 2-DOF structure. The closed loop system
with the proposed controller having 2-DOF
specification ensures stabilization of the closed
loop
system,
simultaneously
closely
synchronizing the expected performance levels
by accessing both the signals of output and
reference at the same price category as that of the
controller that belongs to the 1-DOF
specification.
The designed methodology does not impose any
limitation neither on the specifications of the
model nor the structure or order of the controller
transfer matrix. To make it cost effective and to
reduce the complexity, the matrices Q(s), H(s)
and K(s) of the 2-DOF controller are taken as
diagonal. The anticipated method is easy,
affordable and takes less time to compute.
Finally, a coupled-tank process is implemented to
demonstrate the feasibility and efficiency of the
anticipated method along with the simulated
results show that excellent control performances
of the proposed 2-DOF controller are achieved. In
addition, the results obtained in this paper have
the potential to be applicable across the interval
system, and also the fractional order system
and others.
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