Studies in Informatics and Control, 27(4) 481-492, December 2018 ISSN: 1220-1766 eISSN: 1841-429X 481

Multi-Period Investment Portfolio Selection of
Interval Programming Based on Quantum
Optimization Algorithm

Yongqi WU', Tao HAI?, Hui ZHANG**

nstitute of Postgraduate Study, University of Malaya, 50603 Kuala Lumpur, Malaysia
147816404@qq.com

2School of Computer Science, Baoji University of Arts and Sciences, Baoji, 721000, China
haitao@bjwlxy.edu.cn, zhanghuisci@tom.com (* Corresponding author)

Abstract: Considering the portfolio selection problem in emerging markets which constantly face a serious shortage of
information, the single-stage method of interval analysis can estimate assets income, assets risk, and approximate ranges of
assets liquidity. However, it is difficult to evaluate flexibly and accurately assets income, assets risk, and approximate ranges
of assets liquidity for multi-stage investment portfolio. In this paper, a novel quantum optimization model was applied to
interval analysis method for multi-stage investment portfolio. Firstly, the multi-period investment portfolio selection models
are designed by using inequalities equations of interval coefficients. Secondly, to solve the multi-stage investment portfolio
constraint, the quantum mechanics is used along with an adaptive strategy designed to determine the best particle's positions
for a better global position. Finally, the proposed constrained linear programming is validated by a practical example. Also,
various decision-making factors were analysed for multi-period investment portfolio strategies which are compared with

existing fuzzy portfolio selection models.

Keywords: Multi-period investment portfolio, Interval programming, Quantum optimization algorithm.

1. Introduction

The multi-period investment portfolio is focused
on solving the allocating investors’ wealth at hand
reasonably, achieving a stable and rapid growth in
capital investment and controlling the investment
risks. Traditionally, the rebalancing problems of
the portfolio during the investment period are
not taken into consideration. It is assumed that
investors will purchase a certain portfolio in their
initial investment stage and hold it to the end of
the investment period (Achour & Rezg, 2007).
However, in real life situations the investor will
constantly rebalance the capital (that is buys and
sells assets) in order to consider the portfolio
issues as a multi-stage or dynamic adjustment
process. In order to make their model be closer
to the stock market situation, many scholars
have expanded the portfolio optimization model
into a multi-stage investment scenario under
the single case of random uncertainty, taking
consumption, taxes, transaction costs, inflation
and other factors into consideration (Radulescu
& Radulescu, 2015).

Detemple (2014) formulated the mean-variance
portfolio selection model as a two-standard
optimization problem with the continuous time.
The goal is to maximize the expected return on the
terminal and minimize the variance of the terminal
wealth. Forsyth et.al. (2012), study a continuous-
time version of the proposed Markowitz mean-

variance portfolio selection model and a market
consisting of one bank account and multiple
stocks is analyzed. The Markov regime conversion
financial market was studied as a generalization
of the model for individual investors with random
liabilities (Kolm et.al., 2014). Dang, et.al.,
(2016) investigate the continuous-time mean-
variance portfolio selection problem such as all
market coefficients are random, and the wealth
process under any acceptable trading strategy
is not allowed to be below zero at any time.
In Markowitz’s portfolio selection model, the
variance is replaced by a semi-variance. To that,
a period portfolio option is extended to multiple
periods. Yang et. al., (2015) originally proposed
and developed a multi-cycle semi-variance model.
The hybrid genetic algorithm (GA) is used to
solve the multi-period and semi-variance model
by using the displacement strategy of particle
swarm optimization (PSO) as the mutation
operation. Solving the multi-stage combinatorial
optimization problem is a very challenging task
due to its nonlinearity and its high computational
time consumption. A number of heuristics have
been employed to solve this problem. Zhang,
et.al., (2012) propoesd a new particle swarm
optimization algorithm, called drift particle swarm
optimization algorithm and applied it for solving
multi-stage combinatorial optimization problems.
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In all the above-mentioned portfolio selection
models, it is assumed that the investors are
facing random uncertainty, ignoring the vague
uncertainty in the financial market. These models
assume that the historical data on the assets from
the financial market are available. However,
sometimes due to the rapidly changing financial

market the historical data may not be available.
Liu et. al., (2013), study the concept of interval
numbers and uses it to extend the classical
mean—variance portfolio selection model with
consideration of transaction cost to mean—
variance—skewness model using fuzzy set theory.
In addition, the future financial market is defined
by three different models, pessimistically and in
the combined form to model the fuzzy mean—
variance—skewness portfolio selection problem.
Aouni et al.( 2014) investigate several uncertain
portfolio selection issues, where asset returns
represented by interval data are discussed. Since
the parameter is an interval value, the returned
gain is also an interval value. The concept of the
mean-absolute deviation function accordance with
a two-level mathematical programming model is
applied to compute the lower and upper limits of
the investment returns of the portfolio selection
problem. Using the dual theorem and applying
the variable transformation technique, the two-
level mathematical program is converted into a
traditional single-level mathematical program and
the interval returned by the portfolio, which would
cause problems for the math program, is solved.
In addition, the probabilistic methods are used
to detect the uncertainty in the financial market,
and to determine the probability distribution of
risk assets. However, the probability distribution
function is often very difficult to predict
accurately. Even if it is accurately predicted, it
cannot guarantee that the return on assets follows
this distribution. Many studies proposed the
artificial intelligent in portfolio selection such
as using the fuzzy mathematics. However, the
study on the multi-portfolio problem is still in the
exploratory stage. The investment time period
decisions is always a multi-stage cases in the real
market, so investors need to constantly adjust
portfolios to achieve their investment intentions.

Since the proposed models are all programming
models containing interval coefficients, the usual
approach is to convert them into clear type models
for the solution. In order to solve the proposed
multi-period investment portfolio selection
models, the interval programming method is used.

In this paper, the research is conducted by adopting
interval analysis method, and establishing four
optimized multi-period investment portfolio
selection models. In the first section, the multi-
period investment portfolio selection models
are designed by using inequalities equations of
interval coefficients. The concept of possibility for
denoting the inequality relationship of the interval
numbers, and convert the interval coefficient
inequality constraints involved in modelling
into clear type inequalities is used. Secondly, the
quantum particle swarm optimization algorithm
is modelled for solving the converted models.
Finally, in the experimental results, the actual data
is used to analyze each decision-making factors
and compare the existing selection of portfolio
strategy with the proposed model.

2. Multi-Period Investment Portfolio
Selection Optimization Model of
Interval Coefficient

In an emerging market, as the historical
information available to investors for reference
is rather limited, it is usually very hard for
investors to accurately provide precise values
for the securities return. Under such conditions,
investors can rely only on their own expertise and
experience as well as on their sense of the market
in order to estimate its rough fluctuation range.
Under the above-mentioned conditions, this paper
will utilize interval analysis method. Suppose
that the return, risk and liquidity securities are
all interval numbers. At the same time, suppose
there are n kinds of securities in the securities
market available for transaction, and investors
holding initial capital enter the market to plan an
investment decision-making activity with a period
of T. To facilitate expression, relevant symbols
involved in this paper will be described first:

rie =[r;,,ris] refers to the yield rate of the i
securities at period t, where 0<r, <r;,.

5?,1( = [é;k,é‘;i,k)] refers to the covariance
between securities i and securities k at period t,
where () < éfk < 5Zi,k); C,, refers to the rate of
transaction expense collected for the transaction
of securities i at period t;

X, = (X, 15X, 55X, ,) refers to the investment
ratio vector of period t stock portfolio, where
X, ; >0 is the condition that forbids short
selling; R, refers to the interval income of
period t stock portfolio; Rn: refers to net
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interval return of period t stock portfolio after
deducting transaction costs; W, refers to the
wealth gained by investors at the end of period
t, t=1, 2,...,T . In real investment process,
the return and risk of securities are the two main
factors considered by the investors. According to
the above assumptions, the securities return 7i.
and risk O;x are both interval numbers. Besides,
as the investment rate vector is not a real number,
i.e. invest X,; >0 (i =12,....nt= 1,2,...,T) .
According to interval number operation rule, the
return and risk of period t stock portfolio are also
interval numbers that can be expressed as follows:

- n - n n _
Rp: = Zx,,iri,t = [ZX;,iZi,tath,,-”U] (1)
i=1 i=l1 i=l1

S(xt) = z z xt,i'xt,k Sjk =

k=1 i=1

n n n n —
t
[Z Z XXtk éi,k > Z Z X%k 5(19/‘)]

k=1 i=1 k=1 i=1

(2)

For transaction cost function, the commonly seen
V function can still be used for expression, i.e. the
total transaction cost of period t stock portfolio
can be expressed as:

n
C = ZC(U.) |x(t,l.) — X1 l,t=1,2,...T (3)
i=1

The net income of period t stock portfolio after
deducting transaction cost can be expressed as:

t n - n
VV: = mt—l) H[z X, Vit _Zc(t,i) | Xy ~ X-1.) 1]
j=2 =l i=1

(4)
In Eq.(4), the terminal wealth that investors can
get after T investment can be expressed as:

T n - n
W, =W, H[Z X iTie _Zc(t,i) |x(t,i) X1, 1=
J=1 il -1

T n n
[VVO Hzxt,izi,t - Zc(t,i) | x(t,i) _x(t—l,i) |a (5)
i=1

j=1 i=l

n
I/Vo Hzxr,ir"»’ - Zc(t,i) | Xy ~ Xa-1i) |]
=1 i i=1

To simplify description, the upper and lower limits
of terminal wealth can be expressed as:

T n n
Wi (x)= WOH[Z Xeilin = Zc(u) | Xy ~ Xa-1) 1]
i1

j=1 =l

_ T n _ n

Wr (x) = VVOH[Z X, i Vit _Zc(t,i) | Xy ~ K- |]
j=1 =l i=1

(6)

In addition to securities return, risk and skewness,
liquidity of securities is also a key factor affecting
investment decision. The measure of the liquidity
of securities is important, being one of the key
indicators reflecting the quality of the market
operation. The so-called liquidity of securities
refers to the quantity or amount of securities which
can be bought or sold under current price situation
or under lower price volatility circumstances.
In actual investment decision-making process,
illiquid securities will cause delays in the
transaction, which in turn will cause investors to
lose profit opportunities. Therefore, investors tend
to select securities with good liquidity to invest on.
The securities turnover rate is used to measure the
liquidity. The securities turnover is assumed to be
an interval number, and the securities turnover rate
of the i-th type of securities of period t is marked
as lin = [l([,i)’l(”i)] , in which, 0< l(t,i) <.
Thus, the turnover rate of period t stock portfolio is

Z(Xt) = z xz,ili,t = [z xz,il(t,i) > Z xt,i l([’i)] (7)
i=1 i=1 i=1

The degree of securities diversification is another
factor which affects investment decisions.
Decentralized investment can reduce non-
systematic risk of the securities portfolio. The
entropy ratio is used to measure the degree of
portfolio diversification. Thus, the diversification
of period t stock portfolio can be expressed as

H(x)= —Z xt,jg,i)lnx(t’l.),t =1,2,..T  (8)

i=1

In real life, an investment decision-making activity
is often affected by many factors. Different
investors take different decision-making factors
into consideration. In order to simulate investing
activities under different decision-making
situations, this paper considers the rate of return,
risk, liquidity, diversification of the portfolio and
other factors, and formulates the following four
different multi-period portfolio selection models
of investment. The present analysis is based on
the interval analysis.

Model 1: Let’s suppose investors consider
portfolio returns and risk as decision-making
factors. The investor requires the expected
portfolio returns of each period must to be greater
than a given level. Another requirement is that
the portfolio risk of each period must be lower
than a given level. Under the above constraints,
the investor seeks to find an investment-portfolio
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strategy which can maximize the portfolio
terminal wealth. Thus, the following interval
return-venture (RV) selection model of multi-
period investment portfolio selection (F) is
established. This formulation should be also used
below for the similar sentences in the description
of Models 2, 3 and 4.

max W, = [, (x),Wr(x)]

thz lt’zxt,i;i,t]ZRt
Pl [zz Y tk—’k’zzxtz tk5(lk) 5

k=1 i=1 k=1 i=l

n
Z Xi =
P

X, 20,i=12.,mt=12,.,T

in which R, represents the investor’s minimum
required level on period 7 stock portfolio return; o,
represents the investor’s maximum risk tolerance
value on period ¢ stock portfolio. The constraint
x,; 2 0 shows that no short sales are allowed in
the entire investment process.

max W, =[W, (x),W 1 (x)]

S't'[i t, ,t,Zx l";z]>R
[sztz tk_1k7zzxtl ,k5(1k)]<5

P k=1 i=1 k=1 i=1

n -_

Z tl (tl)’zxz,jl(f,i)]le
=1

thji =1

i=1

X, 20,i=12..,mt=12,.,T

Model 2: Based on Model 1, it is assumed that
the investor also requires portfolio liquidity of
each period to be greater than a given level.
Thus, the following return-venture-liquidity
(RVL) multi-period investment portfolio
selection model ( P,) is established, in which /,
represents the investor’s minimum required level
on the liquidity of period t stock portfolio.

Model 3: Based on Model 1, the impact of
multi-period stock portfolio diversification on
the investment strategy is considered. Thus, the
interval return-venture-entropy (RVE) multi-

period investment portfolio selection model ( )
is established as follows:

max W, = [, (x),Wr(x)]

s.t.[zn: X, ,t,zx r”]>R
i
[Z”:Z”:x” tké‘zk’zz-x x,k5(zk)]<5

k=1 i=1 k=1 i=1
B

—Z xtll(, ninx, ;) 2

i=l1

n
zxt,i =
P

x,,;20,i=1L2..,n;t

=12,...,T

in which e_represents the investor’s minimum
required level of the diversification of period t
stock portfolio.

Model 4: It assumed the investor considers all
the factors involved in the three above-mentioned
models. Thus, the interval return-venture-liquidity-
entropy (RVLE) multi-period investment portfolio
selection model ( P,) is established as follows:

max W, =[W . (x), Wr(x)]

n —_
Z&H”Z&fuz&
[zzx” tké"k’zzxzz tké(lk) <o,
k=1 i=1 k=1 i=1

P CS qu]xh~ﬂ>l

—Z xt’l,l(,,,-)lnx(t ) > e,

n
Z x,; =1
=

X, 20,i=1,2.,mt=12,.,T

Note that the above four investment-portfolio
models are all interval programming method
problems. The interval number in the objective
function represents the investor’s gain of uncertain
terminal wealth in his investment on the portfolio
as follows:

In [Z X, ”,Zx r”]>Rt, the left interval

i=1
value represents the uncertain return of period t
portfolio; the R, on the right side represents the
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investor’s minimum required level on the period
t stock portfolio return;

n n

In[iixm tké‘lk’zzxtz zk5(lk)]<§ the

k=1 i=1
left mterval value represents the uncertain risk of

period t stock portfolio, and the o, on the right
side represents the investor’s maximum tolerance
value on the risk of period t stock portfolio;

In [Z

Value represents the uncertain liquidity of period
t stock portfolio, and the 1 on the right side
represents the investor’s minimum required level
on the liquidity of period t stock portfolio.

(”),Zx l(u)]>lt, the left interval

To simplify the notation, in the following
discussion, the feasible domains of (B), (),
(B), (P) as xeQ,xeQ,,xeQ;,xe,

are separated.

In order to solve the objective function with
constraint conditions by using multi-period
investment portfolio selection models, the four
models are transformed into the parameter planning
problems, which are noted by (B), (B), (B,),
and (P,).

Theorem 1: if x* is the optimal solution of ( P),
then x* is also the optimal solution of B

Proof: Assume x* is not the optimal solution
of P, then the existence of x e () makes
Wy (x) =2 W.(x*). Thus in P, the relationship
A(x) = A(x*) is established. This is obviously in
contradiction with the known conditions.

Similarly, problems (P,P,, and P,) can be
equivalently converted into the following
parametric programming Pz', P3 and 3

The above parametric programming Pl', P2 , P3
and P, with interval coefficients, the interval
coefficient inequality in the constraint condition
indicates that this condition does not require strict
fulfilment, which allows relaxation to a certain
extent. Due to the partial order structure of interval
number, usually there is no optimal solution in the
classical sense.

The four models must be firstly converted into
relevant clear-number type models. For all the
interval coefficient inequalities in Pl', E, P3 and
P4' , amore frequently used approach is to convert

inequalities containing interval number into
clear-number type inequalities for the solution.
This paper uses the possibility degree formula of
interval number relationship to solve these interval
inequality constraints.

For interval constraint inequalities

W, =W, (x),Wr(x)]> A 9)

[Zn: X, ,,,Zx r,t]>R (10)
Z WZX len]21, (11)

Three above-mentioned interval coefficient
inequalities can be separately converted into
following clear-number type inequalities (Jiang
et al., 2008). Based on an order relation of interval
number, the uncertain function is transformed
into two deterministic functions, in which the
robustness of design is considered. Through
a modified possibility degree, the uncertain
inequality and equality constraints are changed
to deterministic inequality constraints.

Wr(x)—A

We2d T T = Yw,
Wr(x)-W,(x) (12)
WMM—EZ%AWNM—EA@)
ZX 7';1
INQP,;ZR, T on — = ekp,t
th,ir” Z Xeilis (13)
i=1
zxt,i;i’t -R = 0;}1” (th,i;i’t _zxt,ifi,z)
i=1 o=l i=l
th,j(”)]_lz
_ i=1
[.;(xt)zz, T _ n 2 07():,) (14)

Z Xl = Zxr.il(t,i)
i=1

i=1

D xlen]=126, Q% len =,
i=1 i=1 i=l1
where §,, , 6, Hi(x , € [0,1] represents the
Pt t . .
investor’s acceptability on terminal wealth, period
t portfolio return, and period t liquidity’s degree
of meeting the given standard.

xt,il(t,i))

For interval coefficient inequality

[ZZXH tk5lk’zzxtl zk5(’k)]<§

k=1 i=1 k=1 i=1

ICI Bucharest © Copyright 2012-2018. All rights reserved



486

Yongqi Wu, Tao Hai, Hui Zhang

the following clear type inequality can be
obtained according to (4):

n n
t
5t - z Z X%k éi,k 2

k=1 i=1

5():) szzzxzké(l k)~ ZZX,IX,k5

k=1 i=1 k=1 i=1

(15)

in which 49~ | € [0,1] represents the investor’s
acceptablhty on period t portfolio’s degree of
meeting the given standard.

Based on the analyses above, if substituting
Egs. (12), (13), (14) into £, the following clear
type optimized investment-portfolio model can
be obtained

max A

SLW 1 (x)= A2 6, (Wr(x) =W, (x))

RS xR 20, x-S,
i=1 i=1 i=1

5 ZZ Xii rA A —9,3( )[szuxllé“k) ZZ Xii xk

k=1 i=1 =1 i=1 k=1 i=1

>x,=Lx,20i=12.,mt=12,.T

By substituting Egs. (12), (13), (14) and (15)
into P, the following clear type parametric
programming can be obtained:

max A
SEW 1 (x)= A2 6, (W1 (x) =W, (x))

. w o
Zx,y,m -R 2> ka (Z X, Vi —Zx,_],g,),)

i=1 i=1
. . . . w l
216, - ZZ ,k29&(,,[ZZx,,,x/,Aéu.m—Zle,,-x,,ké,,k]

k=1 i=1

Zx,l,.l(,,”] l>9,(r)(2x,j1(”) Z Xl
i=1 =1

>ox, =Ly, 20i=12.mt=12.T

i=1

By substituting Egs. (9), (10) and (12) into A,
the following clear type parametric programming
can be obtained:

max A

SEW 1 (x)= A2 6, (Wr(x) =W, (x))
ix,y[ Fid— R > ka (an xu;l,/ —Z”:x,ylg,’,)
P; 5 zz X zA a(()[zzxuxrld“k) zzxuxzk

k=1 i=1 k=1 i=1 k=1 i=1
Zx A inx,, 2 e

Zx,y[ =x,20,i=12.,mt=12,..,T
i=1

By substituting Egs. (10), (11), (12) and (13) into
P, and it. the following clear type parametric
programming can be obtained:

max A

SLW r(x)= A2 6, (Wr(x) =W, (x))

Zx” ;i.r -R = ka (Z X, ;,-,, —Z)cm r,)

P4" 6,- zz X%k 1A7‘9;(Y)[zzxu lk5( *) = ZZ zk
k=1 i=1 k=1 i=1 k=1 i=1

ix,,ii<f,f)] 120, )<le,,,-iu.»—Z']x,,,-z(,,”)

Zx Lo nlnx, , =

Zx,,, =Lx,20,i=12..,mt=12,..,T

i=1

3. Particle Swarm Algorithm Based
on Quantum Behavior

Particle swarm algorithm based on quantum
behaviour refers to the best position that particles
have experienced and, respectively, to the best
position that all particles in the community
have experienced. A new model of Particle
swarm optimization (PSO) algorithm is used to
improve the standard PSO from the perspective
of quantum mechanics. This model is based on
the DELTA potential well, believes particles
have quantum behaviours, and based on this
model, quantum particle swarm optimization
algorithm (Alam et al., 2011) based on quantum
behaviours was proposed. In quantum space,
particles searching is available in the whole
feasible solution space, thus Quantum-behaved
particle swarm optimization (QPSO) algorithm
is much better than the standard PSO algorithm
in overall searching performance (Liu S. T,
2011). QPSO algorithm describes the state of the
particles with waving function ¢(x, ) and obtains
the probability density function of particles
occurring at some point in the space by solving
the Schrodinger equation. Then the equation of
the particle’s position is obtained through the
Monte Carlo stochastic simulation as follows:

X(t)zPiéln(l) (16)
2 u

where u is a random number distributed

evenly on [0,1]; L is determined by equation

L(t)= 2ﬂ|mbest —X(t)| . The final evolution

equation of the QPSO algorithm is:
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1 M
mbest = — =
m ;p,

(17)
1 i 1 i 1 i )
(M = pilaM = piza-'-,M P piD
Pid:¢xpid+(l_(p)xpgd (18)
X, @t+])=

(19)

= P T Bx|mbestt, — X, (1) 1n(l)
u

where M is the number of particles in the
community, D is the number of particles’
dimensions, u and ¢ are uniformly distributed
random numbers on [0,1];, and mbest is the
best position point of all the particles in the
community. Same as standard PSO, p; and p,
refer to the best position and, respectively, to
the global position that all particles have in the
community. [ is called contraction coefficient
of expansion and is the only parameter of QPSO,
and generally £ =0.5x(Maxiter- t)/Maxiter+0.5.

Due to its three characteristics, quantum
particle swarm optimization can overcome
the shortcomings of general particle swarm
optimization in of convergence
performance: (1) quantum systems have more
states than linear systems. (2) The quantum system
is an indeterminate system, and the particles have
no clear trajectory. (3) In the PSO algorithm, the
particles must be within a limited search range to
ensure that the particle swarm clustering makes the
algorithm converge at the best point or the local
best point. In the PSO algorithm, a particle search
range is limited, while in the QPSO algorithm
particles can appear at a certain probability in any
position of the whole feasible search space, even
in a position far from the point.

terms

The standard QPSO is not represented by the
constraint mechanism, and therefore, it proves
to be difficult to directly solve constrained
programming problems. QPSO with constraint
mechanism can be described by focusing on the
following aspects:

- In order to control the evolution positions
of the particle, a constraint factor v was
introduced in the position equation

G+1 G G+l
Xy =X, +uV, (20)

In order to satisfy the constraint equation
n

me =1, in

(lxli ell,u],i=1,2,...,n), N particles were
randomly generated. The particles were
tested to satisfied equality constraints. If they
are satisfied, then the particles are going to
be used as initial particles. If they are not
satisfied, then the particles are going to be

boundary constraints

Gi
k=1XG,k
- Supposed inequality constraints can be

presented as®, <0(n=12...,7), default
values of generated particles can be calculated

R
as D(X) =Y max(w,(X),0).

j=1

- If P, was not feasible and X f;l was

feasible, Xf;l replaced P, . If both P, and
X" were feasible with (X ") > f(P,)
, X [,Gdﬂ replaced P, . If neither P, nor X~
was feasible with D(P,) = D(X "), X, fd”
replaced P, .

transformed into X, =

- Similarly, Gbest can also be processed.

4. Experimental Results

Since the stock market is the aggregation of buyers
and sellers of stocks, which represent ownership
claims on businesses, it’s usually difficult to
accurately estimate the return, risk and turnover
rate of securities. To reduce the complexity,
the investor selects four stocks from X Stock
Exchange, and an analysis on the basis of the
historical data of the weekly transaction’s closing
prices dating from January 2011 to January 2017
is conducted. For processing and analyzing these
historical data, the investment period is set as a
constant and the interval estimation method is
used to compare with the proposed model, which
was proposed by Bhattacharyya and Majumder
(2011). In addition, to maximize terminal wealth
expectations, it is better to consider the different
period returns separately. Some investors may
use their asset allocation on various periods. In
this comparison, the period is set as 3 to reduce
the complexity. Then, the return, turnover and
covariance are obtained as shown in the followings
in Tables 1, 2 and 3.
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Absolute difference values W

Absolute difference values W

Table 1. Interval Value Return of Each Period

0.025

0015

0.01

0.005

t period Stock 1 Stock 2 Stock 3 Stock 4
1 [1.0070,1.0098] [1.0060,1.0070] [1.0105,1.0160] [1.0252,1.0298]
2 [1.0060,1.0080] [1.0110,1.0130] [1.0184,1.0250] [1.0070,1.0097]
3 [1.0165,1.0185] [1.0260,1.0286] [1.0225,1.0385] [1.0120,1.0220]
Table 2. Interval Value Turnover of Each Period
t period Stock 1 Stock 2 Stock 3 Stock 4
1 [0.025,0.035] [0.030,0.044] [0.014,0.025] [0.020,0.034]
2 [0.018,0.036] [0.012,0.066] [0.030,0.075] [0.025,0.045]
3 [0.035,0.046] [0.023,0.036] [0.016,0.045] [0.025,0.038]
Table 3. Interval Value Covariance of Each Period
tperiod  Stock Stock 1 Stock 2 Stock 3 Stock 4
1 Stockl  [0.0278,0.0374]  [0.0213,0.0315]  [0.0228,0.0284]  [0.0141,0.0183]
Stock2  [0.0213,0.0315]  [0.0279,0.0346]  [0.0245,0.0356]  [0.0135,0.0218]
Stock3  [0.0228,0.0284]  [0.0245,0.0356]  [0.0266,0.0456]  [0.0178,0.0223]
Stockd  [0.0141,0.0183]  [0.01350.0218]  [0.0178,0.0223]  [0.0215,0.0244]
2 Stockl  [0.0392,0.0592]  [0.0240,0.0352]  [0.0386,0.0483]  [0.0205,0.0363]
Stock2 [0.0240,0.0352] [0.0226,0.0382] [0.0202,0.0386]  [0.0252,0.0464]
Stock3 [0.0386,0.0483] [0.0202,0.0386] [0.0344,0.0518]  [0.0382,0.0585]
Stockd  [0.0205,0.0363]  [0.02520.0464]  [0.0382,0.0585]  [0.0219,0.0257]
3 Stockl  [0.0208,0.0252]  [0.0277,0.0325]  [0.02430.0301]  [0.02360.0381]
Stock2  [0.0277,0.0325]  [0.0322,0.0447]  [0.0316,0.0473]  [0.0359,0.0542]
Stock3  [0.02430.0301]  [0.0316,0.0473]  [0.0339,0.0469]  [0.0428,0.0556]
Stock4 [0.02360.0381] [0.0359,0.0542] [0.0428,0.0556] [0.0365,0.0511]
: E the proposed multi-period model
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Figure 1. The different contraction coefficients

comparison
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Figure 2. The different particles population comparison

Figure 3. The expected terminal wealth increment
comparison between the proposed multi-period
model and the computation model of Bhattacharyya
and Majumder

Convergence is an important characteristic of a
stochastic optimization algorithm. In the Menger
space, the fixed point theorem of the QPSO
algorithm has proven that the algorithm converges
to the global optimum in probability (Bhattacharyya
& Majumder, 2011). To analyse the convergence
and evaluate the efficiency of the proposed
algorithm, the period P”, model has been set as
a sample with 150 iteration times. The absolute
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Table 4. Optimal Investment Strategies in Various Decision Making Situations

Model tperiod Stock1l Stock2  Stock3  Stock 4
1 0.3233  0.0345 0.4427  0.1995

Pl 2 0.0000  1.0000  0.0000  0.0000
3 0.1236 0.0000 0.0000 0.8764

1 0.2332  0.4333 0.0111 0.3224

P2 2 0.0000  0.0000  0.2841 0.7159
3 0.4370 0.0000 0.0000 0.5630

1 0.4319  0.0000  0.3515  0.2166

P"3 2 0.0156  0.5649  0.4092  0.0103
3 0.2756 0.0000 0.0618 0.6625

1 0.2169  0.4566  0.0000  0.3266

P4 2 0.0076  0.0472  0.2699  0.6752
3 0.4457 0.0015 0.0252 0.5276

Table 5. Multi-period Portfolio’s Income /Risk /Liquidity Interval Corresponding to Each Investment Model

Model

tperiod portfolio income

portfolio risk

portfolio liquidity

terminal wealth

terminal wealth expectations

1

[1.0121, 1.0164]

[0.0219, 0.0301]

[0.0193, 0.0307]

[1.0211,

Pl 2 [L0110,10.130] [0.0226,0.0382] [0.0262, 0.0390] 1 0336] 1.028842
3 [1.0126, 1.0216] [0.0335,0.0479] [0.0262, 0.0390]
1 [1.0125,1.0151] [0.0197,0.0268] [0.0245, 0.0385]

P2 2 [1.0102, 1.0140] [0.0295,0.0411] [0.0264, 0.0535] [11'(;)420753]’ 1.033908
3 [1.0140, 1.0205] [0.0272,0.0398] [0.0294, 0.0415] '
1 [1.0122,1.0163] [0.0218,0.0287] [0.0201,0.0313]

P3 2 [1.0139, 1.0178] [0.0239,0.0410] [0.0196, 0.0690] [llé’jf;’ 1.036309
3 [1.0139, 1.0221] [0.0307,0.0440] [0.0272, 0.0406] '
1 [1.0125,10151] [0.0197,0.0268]  [0.0256, 0.0388]

P4 2 [1.0103,1.0140] [0.0290,0.0414] [0.0257, 0.0540] [1.0280, 1.034515

[1.0143, 1.0209]

[0.0272, 0.0395]

[0.0292, 0.417]

1.0411]

difference value W is used to clearly present the
results with max|WT —WB| Figure 1 illustrates
the results of different contraction coefficients
comparison generated by =0.96, 0.98 and 1.00.
This means that for QPSO the convergence rate
is faster than one of the PSO algorithm. With 3
increasing, the rate of convergence increases
for these three values. It is proved that the
convergence of the function value is relatively
difficult when the size is increased. For analysing
the different particles population comparison, two
groups of experiments were performed, one with
population size M = 100, the other with M = 200.
It should also be noted that for a given problem,
when M = 200, the convergence speeds are larger
than those when M = 100 in Figure 2.

However, it cannot be concluded that a larger
population size results in a greater rate of

convergence because the rate of convergence also
depends on other parameters. Smaller population
sizes may cause lower dimensional problems to
converge faster, but when the dimensions are
higher, the algorithm may encounter premature
convergence. It can be inferred that when
population size is increased to a certain number the
convergence rate may exceed the convergence rate.

The algorithm parameters are as follows: inertia
p=0.98; accelerating factor ¢,=c,=1.49618; maximum
number of iterations Gmax=1000, population size
pop_size=200. Then, the Matlab optimization
software for computing and the optimal investment
strategy corresponding to each model after 1000
times of iterations will be used as seen in Table 4.

"

Table 4 shows that by solving F, ,the corresponding
investment strategies when the investor considers

ICI Bucharest © Copyright 2012-2018. All rights reserved
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only the income and risk factors is obtained. In
the decision making situation, the investor shall
allocate the initiate wealth into these four stocks by
these investment ratios: 32.33%, 3.45%, 44.27%,
19.95%; at the beginning of period 2, he shall
invest all his asset on stock 2; at the beginning
of period 3, the investor shall invest his period-2-
end wealth on stock 1 and stock 4 by the ratios of
12.36% and 87.64%. By solving (P, , P, and P,),
the similar investment strategies can be obtained
if the investor considers average value, risk and
liquidity factors.

According to the investment strategies in various
situations in Table 4, the multi-period portfolio’s
income, risk and the generally fluctuating range of
liquidity corresponding to each investment model
can be estimated.

The investment portfolio optimization problems
in the emerging markets are related to the situation
of insufficient information. It is supposed that
investors can roughly estimate the security
returns, risks and liquidity fluctuation ranges.
The interval numbers are used to describe the
uncertainty in the stock market. Four different
multi-period portfolio selection models have
been divided into 3 periods. The multi-period
optimal investment strategies in various decision-
making situations are shown in Table 4. The
portfolio income interval, portfolio risk interval,
liquidity interval and terminal wealth interval can
be found within each investment period in each
decision-making model, as shown in Table 5. In
order to demonstrate the efficiency of the multi-
period investment portfolio selection model, the
investor’s expected terminal wealth indicators
are applied to the comparison of the proposed
multi-period model and the computation model
of (Bhattacharyya & Majumder, 2011). The
expected terminal wealth increment comparison
between two models has been presented in Figure
3. The expected terminal wealth increment i.e.
the net income is expressed by the absolute
difference between the expected terminal wealth
and corporate initial wealth (J¥). In addition, it
indicates the investor’s expected terminal wealth
by the midpoint of portfolio terminal wealth.

Table 5 shows that the terminal wealth
fluctuation range corresponding to problem (£

) is [1.0211,1.0366], expected terminal wealth
Wy, =1.028842, and net income is 0.028842.
In Figure 3, the expected terminal wealth
increment is 0.022364 in the computation
model (Bhattacharyya & Majumder, 2011). The
terminal wealth fluctuation range corresponding
to problem (P) is [1.0273, 1.0405], expected
terminal wealth W, =1.033908, and net income
is 0.033908. In Figure 3, the expected terminal
wealth increment is 0.029027 in the computation
model (Bhattacharyya & Majumder, 2011). The
terminal wealth fluctuation range corresponding
to problem (F) is [1.0280,1.0446], expected
terminal wealth W oy =1.036309, and net income
is 0.036309. In Figure 3, the expected terminal
wealth increment is 0.031722 in the computation
model (Bhattacharyya & Majumder, 2011). The
terminal wealth fluctuation range corresponding
to problem (F,) is [1.0280,1.0411], expected
terminal wealth W =1.034515, and net income
is 0.034515. In Figure 3, the expected terminal
wealth increment is 0.030041 in the computation
model of Bhattacharyya and Majumder. For all the
problems mentioned above (£, P,, P, and ),
the net income is obviously lower than the one
proposed in the multi-period model, as it can be
seen in Figure 3. Thus, the proposed multi-period
model is more efficient for obtaining the expected
terminal wealth increment in comparison with the
computation model (Bhattacharyya & Majumder,
2011). Due to the introduction of possibility
degree indicator, the investor’s preferences on
terminal wealth, multi-period portfolio income,
risk, liquidity, and diversification level are more
specific. By adjusting the possibility value of
constraint validity of coefficient inequalities on
each interval, the investor is enabled to accomplish
his investment purpose.

Furthermore, by solving this four models, the
inequality relationship between this four expected
terminal wealth values is: W, <W,, <W,, . <
W oy - From the inequality relationship above, it’s
easy to find that the liquidity and diversification
level of portfolio have a great impact on
investment decision making factors; models which
focus more on the liquidity and diversification of
investment will be more effective than models

which only focus on income and risk.
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5. Conclusion

Interval numbers are a special kind of fuzzy
numbers, and intervals are powerful tools for
dealing with uncertainty problems. Especially,
when parameters of the probability density
function cannot be obtained because of the
lack of enough experimental data, the interval
programming method is more practical than the
analysis method of probability theory. The interval
programming method is not only vague, i.e.,
the lack of sharp class boundaries, it also has a
feature of uncertainty i.e., the lack of information
can be addressed intuitively. This paper conducts
the research about the multi-period investment
portfolio selection problem in a booming stock
market suffering of serious lack of information,
fully considers decision making factors such as
portfolio return, risk, liquidity and diversification
level, and applies to interval number programming
method to describe the uncertainty of the above-
mentioned decision making factors. The investor
experience can approximately estimate the
interval range of portfolio income, risk, liquidity
and his market instinct. The interval programming
method is used to argument according to these
investment-portfolio optimization issues. Before
modeling, some relevant interval number theories
are involved. This paper conducts the adopting
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