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Abstract: The rotary inverted pendulum (RIP) is an underactuated mechanical system that can be balanced in the upward
position, by applying the linear control theory based on a nonlinear dynamical model linearized around that position. Its
structure makes it possible to implement controllers designed for energy minimization in the non-linearizable region. Due
to the limited validity of the resulting linear model, a nonlinear control is needed to automatically move the pendulum close
to the linearized region, starting from its stable downward position. A RIP platform has been built to experimentally test a
switched control strategy design, which combines an energy-based nonlinear controller for swinging up the pendulum and
a linear quadratic regulator for the balancing task. Experimental results validate the performance of this approach on the
physical prototype.
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1. Introduction
Underactuated systems (Spong, 1998), (Fantoni
& Lozano, 2002) pose challenging control and
implementation problems in broad application
areas such as aerospace systems, robotic platforms
and mechatronic systems, among others, due to
their limited control inputs for reaching multiple
objectives, their nonlinear dynamics and their
dynamic and physical constraints. There are
several approaches for solving them, which range
from model-based nonlinear control to model-free
intelligent control.
The development of underactuated mechatronic
systems as benchmark problems for education
and research, has enabled the testing of different
control approaches. For example, the cart-pole
inverted pendulum benchmark requires not
only balancing the pendulum in the upward
unstable position, but also taking into account the
restrictions on the cart displacement, as in (Yu, Liu
& Tang, 2008), thus increasing design complexity.
Radial basis function neuronal networks are
included to maintain the balance of an inverted
pendulum while tracking a desired position of the
mobile cart in (Noh, Lee & Jung, 2010), and a
decentralized neural network control is applied in
(Jung & Cho, 2004) to control both the pendulum
angle and the position of the cart mounted in an
x-y table.
https://doi.org/10.24846/v28i1y201905

Switched systems are based on a set of subsystems
and a switching signal selecting a subsystem
to be active during given circumstances such
as an interval of time, or a given region in the
appropriate space of the respective application
(Liberzon, 2003). This kind of systems has been
extensively used in applications such as aircraft
and air traffic control or mechanical systems
(Zhang & Tarn, 2003). The latter is also a relevant
area for underactuated systems such as the ones
described in this paper, whose control strategy
combines a linear stabilization controller when the
linear model of the plant is active, and a nonlinear
controller with energy minimization criteria when
it is not active.
The rotary inverted pendulum (RIP) is an
underactuated system with two degrees of freedom
and one actuator. It is also known as the Furuta
pendulum (Åström & Furuta, 2000), and it has
also been widely considered for testing. Different
nonlinear control design approaches for the Furuta
pendulum can be found in literature, such as in
(Zehar, Benmahammed & Behih, 2018) where the
design and implementation of an adaptive sliding
mode controller is discussed, along with other
sliding mode variations in order to compare their
performance within that class of controllers.
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Fuzzy logic controllers and other intelligent
control techniques such as swing-up control
by using trajectory planning and stabilization
using artificial neural networks when the model
is described through linear matrix inequalities,
are discussed in (Yang & Zheng, 2018). Work
in (Hassanzadeh & Mobayen, 2011) presents the
use of evolutionary algorithms for PID control
parameters tuning, where genetic algorithms,
particle swarm optimization and ant colony
optimization are applied. These methods may
improve the performance of the obtained
controller, but require additional analysis to
guarantee stability and convergence speed in the
intermediate process.
Although nonlinear control does not deal
with model approximation problems such as
approximation errors or underfitting parameters,
linear control is a powerful approach which can
enable a simpler stability analysis and control
design due to the extensively studied linear
theory. For instance, a linear model predictive
control for the pendulum balance is combined
with swing-up strategies in (Seman et al., 2013),
and the work in (Ramírez-Neria et al., 2014)
present a linear controller whose input is based
on a linear observer, with a control strategy
obtained under an active disturbance rejection
control (ADRC) scheme.
The flywheel inverted pendulum (FIP), another
underactuated mechanical system, has been
analysed in (Block, Åström & Spong, 2007)
where the design complexity is reduced using
a linearized model to design a linear control
for balancing the pendulum, combined with
energy-based strategies for swing-up. (Olivares
& Albertos, 2014a) present an energy-based
nonlinear controller design for the swing-up task
of the FIP, in combination with a locally stabilizing
PID control strategy designed to balance the
pendulum in the upward unstable position with
user-defined flywheel velocity reference, while
measuring disturbance compensation, as detailed
in (Olivares & Albertos, 2014b).
In this paper, the results for the flywheel inverted
pendulum are extended to the RIP, providing a
more in-depth analysis of the switched control
strategy, which involves commuting from the
https://www.sic.ici.ro

local stabilizing controller to the nonlinear
swing-up controller. Thereby, a state feedback
Linear Quadratic Regulator (LQR) strategy is
designed instead of a PID control strategy for
pendulum balance. Firstly, the RIP nonlinear
model is obtained based on a Lagrangian
approach, and it is linearized around the unstable
position, where sin(θ )  θ . The switch strategy
presented consists in an energy-based swing-up
task, unlike other approaches found in literature
such as the one which focuses on a bang-bang
swing-up controller as presented by (Park, Kim
& Lee, 2011). The latter could be considered as
the closest approach to this proposal since LQR
is also applied for stabilization, but with another
type of swing-up controller, as well as a faster
sampling period which requires more resources for
the data acquisition task. The main contribution of
this work is the control of both degrees of RIP
freedom, allowing the user to define the rotating
arm position and to balance the inverted pendulum
simultaneously. It also includes experimental
results on a nonlinear underactuated physical
prototype, where due to the chosen state space
representation, the current applied to the motor in
addition to pendulum and rotating arm position
and velocities, could also be diminished through
appropriate control parameters.
The paper is organized as follows. Section 2
presents the RIP nonlinear model along with
its linear approximation around the unstable
equilibrium point, and its validation using
measured data related to the physical prototype.
Section 3 sets forth the energy-based nonlinear
controller for the swing-up task, which was
created based on the Lyapunov global stability
theory. Then, Section 4 formulates the LQR
problem which leads to a state feedback control
law in order to balance the pendulum in the
upward unstable position, while Section 5 presents
experimentally obtained results on the switched
strategy. Finally, Section 6 presents some final
conclusions and future work is outlined.

2. The Rotary Inverted Pendulum
Consider a second order and controllable
dynamical system given by:

q = f (q, q , u , t ) ,

(1)
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where u corresponds to the (scalar) control
input, t denotes the possible influence of time on
 , and q and q are the
the acceleration vector q
positions and velocity vectors respectively, which
are described by:

q = θ 0 θ1 ]

T

T

(2a)

,

q = θ0 θ1 
,

(2b)

with θ 0 being the arm rotation angle, and θ1
representing the pendulum inclination as depicted
in Figure 1.
For the case presented in this paper, where
commanded torque is linear in the dynamical
model, this expression can be rewritten as:

=
q

f1 (q, q , t ) + f 2 (q, q , t ) u .

(3)

Then, in formal terms a dynamical system
described by (1) is called underactuated in the
configuration ( q , q , t ) if it is not possible to
generate an instantaneous acceleration in any
arbitrary direction, i.e.:

rank ( f 2 ( q, q , t ) ) < dim(u )

.

(4)

The rotary inverted pendulum (RIP) (Furuta,
Yamakita & Kobayashi, 1992), also known as the
Furuta pendulum is an example of an underactuated
system. As illustrated in Figure 1, it consists in a
controlled arm on the horizontal plane rotating
around a central axis, and a pendulum linked to one
of the ends of this arm, rotating over the vertical
plane. The nonlinear model of this plant allows the
study of nonlinear dynamics, which also makes it
possible to construct it physically as a mechatronic
platform with enhanced reproducibility features
for instrumentation and the implementation of
control systems.
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2.1 Model Formulation
Define {l p , m p , I p , θ1 } , where l p stands for the
pendulum length from the rotating axis to its center
of mass, m p denotes the mass of the pendulum
with its moment of inertia I p and its rotation angle
θ1 . Then, r corresponds to the arm radius which
has a moment of inertia I a , and a counterweight
of mass mc which takes the center of the mass of
the rotating arm at height h is introduced. Consider
the rotation angle of the arm to be given by θ 0 . A
detailed description of the parameters involved in
the model along with their values for the physical
prototype is illustrated in Table 1.
The Lagrangian formulation is then given by (5),
where Ek and E p denote the kinetic and potential
energy respectively, while q is the generalized
T
coordinates’ vector, q = θ 0 θ1 ] .

=
L(q, q ) Ek (q, q ) − E p (q, q )

.

(5)

Kinetic energy for the pendulum is given by the
sum of traslational and rotational components,
while kinetic energy for the arm is given by
rotation and tangential kinetic energy:

Ek =

1 ˆ 2 1 ˆ 2 1
J 0θ 0 + J1θ1 + m p l p2θ02 sin 2 (θ1 )
2
2
2
(6)
−m rl θ θ cos(θ )
p

p 0 1

1

where Ĵ 0 and Ĵ1 are given by

Jˆ0 =
I a + r 2 (m p + mc )

(7a)

Jˆ=
I p + m p l p2
1

(7b)

while potential energy is given in terms of the
pendulum and counterweight masses:

E p = m p gl p cos(θ1 )

(8)

Then, according to the Euler-Lagrange equation:

d  ∂L  ∂L
=
τi

−
dt  ∂qi  ∂qi
, i = θ 0 , θ1

(9)

with τ i being the moments applied to each
coordinate, leading to
Figure 1. Side and top view of Furuta pendulum

According to Figure 1, there is a direct current
(DC) motor responsible for controlling the arm
position measured by θ 0 through the armature
voltage, and its main parameters are the armature
resistance and inductance, Ra and La respectively.

M (θ1 )q + V (θ1 )q + G (θ1 ) =
T,

(10)

where M corresponds to inertia, V to centripetal
and Coriolis torque and G to gravitational torque
matrices respectively, and T is the torque vector.
It can be noticed that although θ 0 does not appear
explicitly in this last expression, its velocity and
ICI Bucharest © Copyright 2012-2019. All rights reserved
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Table 1. Physical parameters of the RIP prototype

Symbol

Description

mp

Pendulum mass [ kgs ]

mc

Counterweight mass [ kgs ]

0.01

Ip

2
Pendulum inertial moment  kgs ⋅ mts 

5.1 ⋅ 10−4

Ia

2
Arm inertial moment  kgs ⋅ mts 

3.1 ⋅ 10−3

r

Arm radius [ mts ]

0.13

lp

Pendulum mass center [ mts ]

0.125

C0

Arm friction coefficient [ N ⋅ mts ⋅ sec]

10−4

C1

Pendulum friction coefficient [ N ⋅ mts ⋅ sec]

10−4

Ra

Armature resistor [ Ω]

8

La

Motor inductance [ mH ]

10

Im

2
Motor inertia  kgs ⋅ mts 

1.9 ⋅ 10−6

Mf

Motor mutual inductance [ N ⋅ mts / A]

0.0214

Kg

Motor gear reduction coefficient

59927

K eg

External gear reduction coefficient

16

g

2
Gravitational acceleration  mts / sec 

9.806

 respectively,
acceleration are included for q and q
as well as in the following matrices:
 Jˆ0 + m p l p2 sin 2 (θ1 ) −m p rl p cos(θ1 ) 
M (θ1 ) = 
 (11a)
Jˆ1
 −m p rl p cos(θ1 )

,

 m l sin(2θ1 ) + C0 m p rl pθ1 sin(θ1 ) 

V (θ1 ) =  1
 − m l 2θ sin(2θ )

C
1
1
p p 0
 2
 ,

(11b)

0


G (θ1 ) = 

 −m p gl p sin(θ1 )  ,

(11c)

2
p p

T = [τ l

Value

0]

T

,

(11d)

with C0 and C1 as the friction coefficients of
the arm and pendulum respectively, with the
respective values given in Table 1. From (11), it
can be noticed that the motor actuates just on the
arm and matrix model of the movement transfer
to the pendulum.
The input torque, τ l is related to the motor
dynamics which is related to electrical torque, τ e ,
and electrical angular velocity, ωe , given by
https://www.sic.ici.ro

0.1

v(t ) =
Ra i (t ) + La

τ e = M f K g i (t )
τe −τl =
Im

d
i (t ) + M f ωe
dt
,

,

d
ωe
dt ,

(12a)
(12b)
(12c)

with parameters as described in Table 1, and v(t )
and i (t ) are the voltage and the current applied to
the motor at time t , respectively.
Finally, the applied torque and angular velocity are
related to their corresponding electrical variables
as follows:

ω0 = K g−1ωe
τ 0 = K gτ e

,

(13a)
(13b)

.

From (13a) and noting that this prototype has an
external gear reduction system which relates the
arm angular velocity to its corresponding variable
obtained from the motor described by

θ0 = K eg−1ω0

,

(14)
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expression (12a) can be rewritten as

Mf
R
d
1
i (t )=
v(t ) − a i (t ) −
θ0
dt
La
La
La K g

(15)

.

Then, the RIP model including motor dynamics
is given by:

=
q M (θ1 ) −1 (T − V (θ1 )q − G (θ1 ) )

(16)

,

where new matrices are described by:
 Jˆ0 + m p l p2 sin 2 (θ1 ) + K g2 I m
M (θ1 ) = 
−m p rl p cos(θ1 )


 m p l pθ1 sin(2θ1 ) + C0
V (θ1 ) =  1
 − m l θ sin(2θ )
p p 0
1
 2
T

(17)

m p rl pθ1 sin(θ1 ) 


C1
 ,

T =  M f K g i 0 
,

noting that according to the definition in (3), such
functions are related to the plant model as follows:

f1 (q, q , t ) =
− M(θ1 ) −1 (V (θ1 )q + G (θ1 ) ) (18a)
,
−1
f 2 (q, q, t )u = M (θ1 ) T ,
(18b)
where q is implicitly defined through the presence
of θ 0 and θ1 , and actuation u appears in the form
of the applied current to the motor, i , in T .
T

Then, the state vector x = θ 0 θ0 θ1 θ1 i 
is defined. Then, in order to obtain a
linearized model around the equilibrium point
x = [ 0 0 0 0 0] , the derivative of current
i is solved based on equation (12a) :

(19)

Then, the following linear model is obtained

(20)

=
x (t ) Ax(t ) + Bu (t ) ,

1

La 

T

,

(22)

and α is given by the following expression:

α=

1

Jˆ0 Jˆ1 − (m p rl p ) 2

with eigenvalues in

{−772.36

−m p rl p cos(θ1 ) 

Jˆ1

,

Mf
R
1
d
i (t ) =
v(t ) − a i (t ) −
ωe
dt
La
La
La


B = 0 0 0 0
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,

(23)

−28.06 −7.87 0 7.48} .

The internal instability generated by the pole in
the point of origin and by another one in the righthalf plane can be noticed, also observing that in
case the arm position were not a matter of interest
in the control task, matrix A could be reduced to 4
rows and 4 columns because of null values in its
first column. This shows that variables are affected
only by arm velocity, pendulum position and
velocity, and the current injected into the motor.

2.2 Model Validation
Considering a region of 15 degrees around the
downward stable position, θ1 = π , the dynamic
equation for the pendulum can be approximated
as linear and can be written as:

Jˆ1θ1 + C1θ1 + m p l p gθ1 =
0

(24)

or in its general form:

θ1 + 2ζωnθ1 + ωn2θ1 =
0

(25)

with ωn as the natural oscillation frequency and
ζ as the damping coefficient. From (24) and (25)
we have:

ωn = 7.69 ,
=
ζ 3.13 ⋅ 10−3 .

(26a)
(26b)

where x is the previously defined state vector,
u corresponds to the control signal (applied
voltage) and matrices A and B are given by (21)
and (22) respectively,
1

0
α

− Jˆ1C0
0

0
A = α 0


0 m p rl p C0

Mf
0 −
α La K g


0

0

m 2p l p2 gr

m p rl p C1

0

1

α

Jˆ0 m p gl p

− Jˆ0 C1

0

0




M f K g Jˆ0 Jˆ1 


0


K g M f m p rl p 

R
− a

α La 
0

(21)

Figure 2. Physical prototype of the Furuta Pendulum
ICI Bucharest © Copyright 2012-2019. All rights reserved
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Experimentally based on the physical prototype
shown in Figure 2, these parameters can be
estimated from a free response of the system as:

ζˆ =

ωˆ n =

1


π
1+  2

 ln ( K / N )  ,
2π

(27a)
(27b)

Ts 1 − ζˆ 2 ,
where K corresponds to the ratio from the first
two consecutive peaks, N is the stationary
value and Ts stands for the semi-period of the
maximum oscillation. Then, from Figure 3 the
following is obtained:

ωˆ n = 9.2 ,
ζˆ = 0.00585 .

(28a)
(28b)

torque, that is by inserting null values in order
to replace the current entries of matrices V (θ1 )
and G (θ1 ) , thus obtaining:

Jˆ1θ1 − m p gl p sin(θ1 ) =
m p rθ0 cos(θ1 )

(30)

Then, taking into account that the angular
acceleration θ 0 is directly controlled from
the actuator, the total unforced energy for the
pendulum is given by:

1 ˆ 2
Eu =
J1θ1 + m p gl p cos(θ1 ) + mc gh
2
.

(31)

Given that the objective of the switched control
strategy is to stabilize the pendulum in the upward
θ=
0 , the desired
position, that is when θ=
1
1
energy for the target position is given by:

=
Ed m p gl p + mc gh

,

(32)

which implied that the unforced normalized
energy in relation to Ed is as follows:

E=
Eu − Ed ,
un
1 ˆ 2
=+
J1θ1 m p gl p ( cos(θ1 ) − 1)
2
,

(33)

leading to Eun = 0 for the equilibrium position and
Eun = −2m p gl p at the rest (downward) position.
Figure 3. Pendulum damped oscillation

The reader should note that in the following
sections, in particular for state-feedback
implementation, it is required to use velocity
sensors in order to make appropriate measurements.
Given that minimization of physical wires around
the plant is desirable in case of wired-sensors for
avoiding roll-ups (or the minimization of time
delays when considering wireless measurements),
a linear observer O is used for estimating velocities
on arm and pendulum, with a bandwidth which
enables it to detect changes among samples when
acquiring data, and whose (continuous) transfer
function is given by
O( s )=

50 s
s + 50

Figure 4 shows the evolution of unforced
normalized energy, Eun , over time when the
pendulum moves from the upward to the rest
position with no control signal being applied on
the system.

(29)

3. The Swing-up Controller
The model from (16) can be simplified if we
do not consider the centripetal and Coriolis
https://www.sic.ici.ro

Figure 4. Unforced normalized energy evolution
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In order to obtain a nonlinear controller that
minimizes (33), the following positive definite
Lyapunov function should be considered:

U=

1 2
Eun
2

(34)
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Figure 5 shows the pendulum position on the
physical platform and the corresponding control
signal applied to the motor while performing the
swing-up movement.

Then, a controller minimizing (33), that is taking
Eun → 0 asymptotically as t → ∞ from any
given initial condition, has to be chosen such that
U < 0 . This derivative is given by:

=
U

( Eu − Ed ) Eu

(35)

,

where by using (31) and (32), and based on
the fact that E un = E u since Ed is constant, the
derivative of unforced energy is obtained:

E u = m p rθ0 cos(θ1 )θ1

(36)

.

Therefore, the proposed control law generates a
positive swing-up gain, λsu whose value is chosen
such that (35) is never positive semi-definite:

θ0 =
−λsu ( Eu − Ed ) cos(θ1 )θ1

(37)

.

It can be noticed that in order to achieve a given
arm acceleration, the expression (37) should
be integrated and defined in relation to the arm
angular velocity.

Figure 5. Physical position and actuation in the swing-up

4. The Linear Quadratic Regulator
Once the pendulum position was moved from
the downward equilibrium state to the upward
unstable position, the next step is to keep the
pendulum at zero degrees with the minimum
possible deviation, so a stabilizing controller has
to be obtained. Considering a linear and timeinvariant system described in state space variables
as in equation (20), the cost function is given by:

As controlling the angular velocity of the motor
implies controlling its current, the transfer
∞
function from current to voltage is simplified
by
=
J
xT (t )Qx(t ) + u T (t ) Ru (t ) dt
(42)
neglecting armature inductance, so the relation
0
,
between angular acceleration and the applied
where Q and R are weighting matrices that are
voltage becomes:
positive definite and positive semi-definite
=
v(t ) Ra i (t ) + M f ωe
(38)
.
respectively. Then, the state-feedback control law
On the other hand, considering (12b) and which minimizes (42) is given by:

∫(

τ l ≈ Jˆ0θ0 into (12c):

(39)

d
K g M f i (t ) + Jˆ0 λsu ( Eu − Ed ) cos(θ1 )θ1 =
I m ωe
dt

so by solving (38) for the current and replacing
it, and (13a) with (14) into (39), the control law
expressed in terms of the applied voltage would
be given by
=
v(t ) M K K θ − λ ( E − E ) cos(θ )θ (40)
f

g

eg

0

su

u

d

1

1

,

with

λsu =

Ra ( Jˆ0 + I m K g K eg )
Kg M f

λsu

.

(41)

)

u=
(t ) r (t ) − Lx(t ) ,			

(43)

where r (t ) = 0 for this regulator given that the
reference value corresponds in this case to the
upward unstable position, and L is such that

L = R −1 BT P ,				

(44)

and P stands for the solution of the algebraic
Ricatti equation (ARE):

AT P + PA − PBR −1 BT P + Q =
0.

(45)

Matrices have to be designed by means of giving
more weight to states that are more relevant than
others for a particular experiment. In this case,
priority is given to pendulum position, θ1 , and also
ICI Bucharest © Copyright 2012-2019. All rights reserved
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to arm and pendulum velocities, so the proposed
experiment is given by:
0
0 0
1 0
0 10 0
0 0 

Q = 0 0 100 0 0 


0 10 0 
0 0
0 0
0
0 1  ,

(46a)

R = 10 ,				 (46b)

where the penalizing actuation factor, R , is chosen
such that DC motor does not perform any sudden
behavior changes that would destabilize the
pendulum position.
Then, solving (45) with parameters A and
B described in (21) and (22), and replacing
expression solved in (45) into (44) yields:

L=
[ −0.31 −5.26 70.74 8.92 0.17]

. (47)

This also yields closed-loop poles located at

{−772

−28.3 −0.12 −7.6 + 0.25 j −7.6 − 0.25 j}

,
where j denotes the complex component in the
complex plane. The closed-loop stability with
all its poles in the left-half complex plane can
be noticed.

5. The Switched Control Strategy
The switched control strategy consists in
combining the energy-based swing-up task
described in this paper, and the state-feedback
controller obtained by solving the linear quadratic
regulator problem discussed in Section 3. This
involves commuting from the swing-up controller
to the LQR control when the pendulum position
changes by less than 15 degrees in magnitude,
around the upward unstable position, as depicted
in Figure 6, where r stands for the reference of
the arm position.

Figure 6. Switched strategy illustrative scheme

Figure 7. Pendulum position stabilization

Some switching strategies could include a
hysteretic approach, that would define different
thresholds for enabling the LQR controller to act
within the linearizable region when θ1 ≤ 15° , and
then switch to the swing-up controller when the
pendulum position moves to a downward position,
as with θ1 ≥ 20° . Although this approach could
help prevent unwanted rapid switching, a single
threshold for switching between controllers is
considered, since it is not useful to allow the LQR
controller to act within a non-linearizable region
such as the pendulum position where sin(θ1 )
could not be approximated as θ1 .
Although the pendulum position is appropriately
controlled, Figure 7 shows that the arm position
changes without any constraints in order to ensure
that the pendulum keeps its upward unstable
position. In order to be able to control both
degrees of freedom of this underactuated plant in
an experimental setting, the arm position (actuated
link) has to be given more importance, so that Q
is modified accordingly:
0
0 0
100 0
 0 10 0
0
0 

Q= 0
0 100 0 0 


0
0 10 0 
 0
 0
0
0
0 1  ,

while the value of R stays the same, R = 10 ,
leading to the solution of the ARE:

Figure 7 shows the pendulum position control
on the physical platform once it has reached the
stabilizable region =
between −15 and 15 degrees P
around the upward unstable position, starting from
a swing-up behavior.
https://www.sic.ici.ro

.0601 .0153 −.1718 −.0216 −.0002 
 
.0141 −.175 −.0219 −.0003

 

2.2155 .2746
.004  ⋅ 106




.0344 .0005 
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where g is used to denote symmetry. It is important
to note that in order to keep (42) as small as
possible when Q has large values such as the ones
in this last approach, the corresponding elements
of the state have to be smaller. As it can be seen,
this leads to the poles of the closed-loop system
being moved further left in the complex plane so
that the state decays faster to zero.
Thus, the matrix above generates the statefeedback controller described by
L=
[ −3.1 −6.07 80.02 10.08 0.19]

,

which yields closed-loop poles at

{−772

−31 −1.12 −7.41 + 0.9 j

−7.41 − 0.9 j}

where j denotes the complex component in the
complex plane. The closed-loop stability with
all its poles in the left-half complex plane can
be noticed.

Figure 8. Pendulum and arm position control

Then, Figure 8 shows the signals of interest for
the switched control strategy, which combines
both the energy-based and LQR controllers for
the swing-up and stabilization tasks respectively.
The first plot shows the pendulum position, θ1 ,
while the second plot shows tracking of reference
r for the actuated link, θ 0 , with an arbitrary
π
. Figure 8 also shows the control
change of

2

signal, u , which corresponds to the voltage
applied to the DC motor. It can be noticed that
oscillations in the actuation signal are caused
by practical issues such as the zero position of
the pendulum.
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than desired, the pendulum will always be
struggling against gravity.

6. Conclusion
A well-known underactuated system, namely
the rotary inverted pendulum (also known as
the Furuta pendulum) has been studied, and a
linear model for the upward unstable position
has been obtained. The switched control
strategy presented involves an energy-based
swing-up task and the stabilization of the
pendulum in the upward position, based on a
linear controller obtained by means of posing
the stabilization problem as a linear quadratic
regulator design. This has also proven to be
of interest when controlling both degrees of
freedom of the underactuated plant, since
this paper is concerned with the simultaneous
control of both the rotating arm and the inverted
pendulum position of this physical prototype
of the underactuated system. It is important
to note that the linear quadratic regulator was
designed in the continuous domain, which was
controlled by a digital system (a computer with
data acquisition card), which is possible when
the sampling time is small enough in order to
make a continuous approximation.
Further improvements to the controller structure
and implementation are being sought in current
work, in order to reduce the noise related to
the control signal and to implement control
techniques for the above-mentioned experimental
prototype, specifically for feedback gain tuning.
In addition, among other interesting approaches
to be discussed in future works, there is the
automatic adjustment of the reference signal,
which is meant to tackle a change of environment
where an initial zero measurement does not
correspond to the upward unstable position of
the pendulum.
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